hep-th/0303060 
AEI 2003-028 



co 



The Dilatation Operator of Conformal 
Af = 4 Super Yang-Mills Theory 



o 
o 

CN ■ N. Beisert, C. Kristjansen and M. Staudacher 

<D 
00 



Max- Planck- Institut fur Gravitationsphysik 
Albert- Einstein- Institut 
Am Muhlenberg 1, Golra, Germany 

nbeisert ,kristjan,matthias@aei .mpg.de 

o 

CO 

o 

CO . 

Abstract 



We argue that existing methods for the perturbative computation of anomalous 
dimensions and the disentanglement of mixing in Af = 4 gauge theory can be 
considerably simplified, systematized and extended by focusing on the theory's 
dilatation operator. The efficiency of the method is first illustrated at the one- 
^ ■ loop level for general non- derivative scalar states. We then go on to derive, for 

pure scalar states, the two-loop structure of the dilatation operator. This allows us 
to obtain a host of new results. Among these are an infinite number of previously 
unknown two- loop anomalous dimensions, new subtleties concerning 't Hooft's 
large N expansion due to mixing effects of degenerate single and multiple trace 
states, two-loop tests of various protected operators, as well as two-loop non- 
planar results for two-impurity operators in BMN gauge theory. We also put to 
use the recently discovered integrable spin chain description of the planar one-loop 
dilatation operator and show that the associated Yang-Baxter equation explains 
the existence of a hitherto unknown planar "axial" symmetry between infinitely 
many gauge theory states. We present evidence that this integrability can be 
extended to all loops, with intriguing consequences for gauge theory, and that 
it leads to a novel integrable deformation of the XXX Heisenberg spin chain. 
Assuming that the integrability structure extends to more than two loops, we 
determine the planar three-loop contribution to the dilatation operator. 



1 Introduction and overview 



Conformal quantum field theories have been fascinating theoretical physicists for a long 
time. In two dimensions they are arguably the most important class of field theories: 
Mathematically, they are quite tractable once one puts to full use the fact that the 
conformal algebra has an infinite number of generators. In consequence many exact 
results on the spectrum of operators and the structure of correlation functions may 
be derived. Apart form their pivotal importance to string theory, they are physically 
of great value due to their relationship with critical phenomena and integrable models 
of statistical mechanics. For example, in many cases the representation theory of 2D 
conformal field theories fixes the scaling dimensions of local operators, which in turn 
are often related to critical exponents of experimentally relevant systems of solid states 
physics. 

In four dimensions conformal symmetry was long believed to play only a minor role. 
The group has only finitely many generators, the QFT's relevant to particle physics 
are certainly not conformal, and the only, trivial, example seemed to be free, massless 
field theory. However, after the discovery of supersymmetry, it has become clear that 
super symmetric gauge theories can be exactly conformally invariant on the quantum 
level, and in many cases the phase diagram of such gauge theories contained conformal 
points or regions, quite analogously to phase diagrams in two dimensions. There is 
therefore obvious theoretical interest in increasing our understanding of these phases. 
In particular, the 4D gauge theory with the maximum possible number M = 4 of rigid 
supersymmetries, discovered in 1976 [HI2], has a super conformal phase [SHS]. 

Supersymmetric gauge theories are intimately connected to superstring theory. In 
fact, the J\f = 4 action was originally discovered pQ by considering the low-energy limit 
of superstrings. Surprisingly, with the advent of the AdS/CFT correspondence (see [HllZj 
for comprehensive reviews) it was argued that the M = 4 gauge theory is, via duality, 
a superstring theory in a particular background. This conjecture woke the Sleeping 
Beauty and resulted in a large number of investigations into the structure of M = 4. In 
particular the representation theory of the super conformal symmetry group SU(2, 2|4) [8 
was investigated more closely [OlEIj, and numerous non-renormalization theorems were 
derived, see e.g. jTTj. In addition, some unexpected non-renormalization theorems that 
do not follow from SU(2,2|4) representation theory were found Once thought to 

be somewhat boring, it gradually became clear that conformal M = 4 is an extremely 
rich and non-trivial theory with many hidden secrets. We will see more examples for its 
intricate structure in the present paper. 

While many of the recently obtained new results on M = 4 in principle could have 
been derived a long time ago, the AdS/CFT correspondence clearly helped immensely 
in formulating the right questions. The latest chapter in exploiting this useful duality 
involved taking a certain limit on both sides of the correspondence: On the string side, 
after a process termed Penrose contraction of the AdS space, one obtains a new max- 
imally supersymmetric background for the IIB superstring [T^lTl] which has the great 
advantage that the spectrum of free, massive string modes can be found exactly [T5| ll6j. 
On the gauge theory side, one considers the so-called BMN limit ^7j. It involves studying 
infinite sequences of operators containing an increasing number of fields. The relation- 
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ship to plane wave string excitations is then made by comparing the conformal scaling 
dimension of these high-dimension operators to the masses of string excitations |17j . 
One therefore had to develop techniques to efficiently compute in perturbation theory 
the scaling dimensions of operators containing an arbitrary number of fields. This was 
done in various papers, on the planar [T7H2T] and non-planar level |22H28j . extending 
earlier work on protected half BPS j2HHS2] and quarter BPS operators [33]. In ESj it was 
realized, following important insights by [3oTl3T)] (see also [37J) that these well-established 
techniques can be considerably simplified and extended, as we will now explain. 

The standard way to find the scaling dimensions A a of a set of conformal fields O a , 
employed by all of the just mentioned papers, is to consider the two-point functions 

(6 a (x)6e(o)) = j^. (i.i) 

Here the form of the two-point function is determined by conformal symmetry alone. 
Finding the scaling dimension A a of a conformal field O a is more subtle and, in general, 
requires an understanding of the dynamics of the theory. In the free field limit (i.e. zero 
coupling constant g YM = 0) A equals the naive classical (tree level) scaling dimension ob- 
tained by standard power counting. For weak coupling g YM , we can compute corrections 
to the naive dimension by perturbation theory. In practice, extracting these corrections 
from eq. ljl.lj) is somewhat tedious and fraught with various technical complications. For 
one, while the corrections are perfectly finite numbers, the perturbative computation of 
two-point functions such as eq. ljl.lj) leads to spurious infinities, requiring renormaliza- 
tion 1 . Secondly, the definition of the scaling dimensions tacitly assumes that we have 
already found the correct conformal operators O a . However, if one starts with a set 
of naive operators O a with the same engineering (tree-level) dimension one generically 
encounters the phenomenon of mixing: The two-point function is not diagonal in a, (3, 
and one rather has a matrix (O a (x)Op(0)) since a generic field does not have a definite 
scaling dimension. It therefore seems that we have to diagonalize the two-point functions, 
after renormalization, order by order in perturbation theory. 

Here we would like to shift the attention away from the two-point functions eq. ljl.lj) 
and rather focus on the dilatation operator acting on states at the origin of space-time 
(in a radial quantization scheme) as was already done, for one-loop, in [3TJ (on the planar 
level) and in jMJ (in the BMN limit). Its eigensystem consists of the eigenvalues A Q and 
the eigenstates O a . One thus has 

DO a = A a 6 a . (1.2) 

By way of example we will restrict the discussion to fields solely composed of the six 
scalar fields <Z>„ = $ { n ] T a (n = 1, . . . , 6, a = 1, . . . , iV 2 - 1) of the Af = 4 SU(iV) gauge 
theory, but the extension to a larger class of fields is clearly possible. (Our notation and 
conventions are explained in App. [21) The classical dilatation operator D then simply 

*An alternative method consists in extracting the anomalous dimensions from four-point functions. 
This is how e.g. the two-loop anomalous dimension of the Konishi field was first found |38U,'ffl| . However, 
this is not really different, as one can look at these four-point functions, via a double operator product 
expansion, as a generator of two-point functions regulated by a different method, namely point-splitting. 
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counts the total number of scalar fields, as the engineering dimension of scalars is one. 
This can be formally written as 



D Q = Tr$ m $ m , (1.3) 
where we introduced the notation <£> for the variation with respect to the field <P 2 

$ = — — = T a (1 A) 

In an interacting theory the scaling dimensions and therefore also the dilatation generator 
depend on the coupling constant. In perturbation theory the dilatation generator can 
be expanded in powers of the coupling constant 



k=0 



2 \ & 
9ym 



16tt 



D 2k , (1.5) 



and we shall denote D 2k as the fc-loop dilatation generator. The full one-loop contribution 
D 2 was first worked out, in the disguise of an "effective vertex", in appendix C of [25 
(but see also (22123123120112111311): 3 

D 2 = -:Tr[$ m ,$ n ][$ m ,$ n ]: - |:Tr[0 m A][^m A]- (1.6) 



However, it was shown in [34] that one can bypass the consideration of two-point functions 
and directly diagonalize D 2 in any convenient, linearly independent and complete basis. 
In eq. (jl.fi |) the normal ordering notation indicates that the derivatives do not act on the 
fields enclosed by : :. To see how D 2 acts, let us consider the simplest scalar fields of 
the theory, which have classical dimension two. One has the protected chiral primaries 
Q nm as well as the Konishi field /C 

Q nm = Ti^ m -\5 nm Ti^ k and K = Ti$ k $ k . (1.7) 

One immediately verifies 4 , using eqs. (jl.3j) . (jl.4j) . (jl.5j) . (jl.6j) that, to one loop, as D 2 Q nm = 
and D 2 IC = UN }C, 

A Q = 2 and = 2 + (1.8) 

that is the one-loop anomalous dimension of Q nm vanishes as expected, while the anoma- 
lous dimension of the Konishi scalar agrees with the well-known result 



2 In the language of canonical quantization the field ^ and the variation <P correspond to creation 
and annihilation operators, respectively. The dilatation generator corresponds to the Hamiltonian and 
a vacuum expectation value is obtained by setting the fields to zero, . . . |$=o- 

3 Note that this expression is perfectly valid also for SO (TV), Sp(7V) and exceptional gauge groups. 

4 The fission rule Tr A$ m B$ n = S mn Tr ATr B and the fusion rule Tr A$ m Tr$ n B = S mn Ti AB are 
useful when calculating the action of D^. These are the U(iV) rules but due to the commutators in D2 
there is no difference when using the SU(iV) rules. 
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Let us next look at a less trivial example and consider the following set of unprotected 
SO (6) invariant operators of classical dimension four, spanning a four-dimensional space 
of states: 

/ Tr<P m <P n Tr<P m <P n \ 
Tr$ r , 



O 



\ 



n 

'in n 
Tr (p m <P n <P m $ n 
Tr$ m $ m <P n <P n j 



1.9) 



For the convenience of the reader we are optically separating double and single trace 
sectors by solid lines. This case was studied in detail in jH] , using the standard procedure 
(see also [S2]) of directly analyzing, employing Af = 1 superspace Feynman rules, the set 
of two-point functions of the four composite fields, cf. our above discussion surrounding 
eq. fjl.lj) . Using eq. (jl.6|) . we find the following action of the one-loop dilatation generator 



D, = N 
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1.10) 



The matrix notation indicates the fields that are generated by the action of D 2 from the 
ones in eq. ()1.9|) . e.g. 



D 2 Tr $ m $ n Tr $ m $ n = Tr <P m <P n Tr <P m <P n + AN Tr <P m <P m Tr $ n $ n 

- 20 Tr $ m <P n <P m <P n + 20 Tr <P m <P m <P n <P n . 



1.11) 



We see that the states in eq. (jl.9j) are not eigenstates of the dilatation operator: The 
latter linearly mixes all operators in the four-dimensional vector space j3I]. However, 
diagonalizing the dilatation matrix D 2 (we will throughout this paper take the freedom 
of using the same notation D 2 k for both the dilatation operator and its matrix represen- 
tations) in eq. ()1.10|) will in one go resolve the mixing problem and yield the anomalous 
dimensions: The conformal operators are given, up to normalization, by the eigenvectors 
of eq. ()1.10|) (in the basis eq. (jl.9|l ). and their respective one- loop anomalous dimensions 
correspond to the eigenvalues of eq. (|1.10J) . The latter are obtained by finding the roots 
of the characteristic polynomial det(u; 



\D 2 
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1.12) 



The dimensions of the four conformal operators are 

9 2 YM N 



A = 4 + 



57T 



2 ^' 



1.13) 



with u being the four different roots of the above quartic equation. They are easily seen 
to agree with the ones obtained in J3T . Comparison with the methodology of |H] clearly 
demonstrates the great simplifications resulting from the direct use of the dilatation 
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operator 5 . 

In this paper we will find the two-loop contribution _D 4 to the scalar dilatation op- 
erator D eg. p. 5)1 . with the restriction to operators in the SO(6) representations [p, q,p] 
with tree-level scaling dimension 2p + q. These fields may always be constructed out 
of two complex scalars, say Z = ^5(^5 + i&e) and (f> = 775(^1 + 2^2)- We will argue 
that operators composed by these two fields form a closed set under dilatation. The 
idea is then to inspect all Feynman diagrams contributing to the dilatation operator and 
write down the possible linear combinations of terms contributing to -D4. We fix some 
unknown constants by using gauge invariance, and proven two-loop non-renormalization 
theorems [HOUM]- To save us extra work, we finally use a result conjectured in the con- 
text of BMN gauge theory in ^2] and derived in ^HIIS] to determine the remaining 
coefficients. All this is done without explicitly working out a single Feynman diagram! 
One finds 

D = TrZZ + Tr00, 
D 2 = -2:Tr[0,Z][0,Z]:, 
D A = -2:Tr[[<f>,Z],Z] [[4>,Z],Z]: 
-2:Tr[[0 ! Z],0][[0,Z],0]: 

-2:Tr[tt,Z},T a ][i4>,Z},T a }:, (1.14) 

where we have also explicitly rewritten the action of D and D 2 on two complex scalars. 
Let us check eg. (II .14)1 and apply our result to work out the two-loop dimension of the 
Konishi field. We cannot directly apply D4 to K, in eg. (jl.7|) as we have not yet worked 
out the terms relevant to scalar fields containing SO (6) traces. However, it is well-known 
that the following field is a Konishi descendant, with identical anomalous correction to 
its classical dimension four: 

/C' = Tr[0,Z][0,Z]. (1.15) 

Applying eg. ()1.14j) to KJ we find 

A K , = 4 + _ MmEI. (1 . 16 ) 

K 4tt 2 16tt 4 v ! 

This agrees with the results of [SHUSH]- 

Recently it was discovered by Minahan and Zarembo that properties of pure scalar 
states in the planar, one-loop sector of M = 4 Super Yang-Mills theory can be described 
by an integrable SO (6) spin chain [37]: The planar version of the one-loop dilatation 
operator maps onto the spin chain Hamiltonian. Interestingly, we are able to derive 
from this spin chain picture new results for the gauge theory. The integrability ensures, 
via the existence of an i?-matrix satisfying the Yang-Baxter eguation, the existence of 

incidentally, one easily verifies that our dilatation matrix D2 in ea. (|l.l()|) is, up to an overall constant, 
precisely given by the product of the one-loop mixing matrix eq.(5.4) of times the inverse of the 
treedevel mixing matrix eq.(5.3) of |41|. in agreement with the results of |34| . where the relation between 
the traditional method and the dilatation operator method was explained in detail. This furnishes a 
nice, explicit example illustrating that much of the combinatorial complications of the usual method 
cancel out from the physics. 
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further conserved charges in addition to the Hamiltonian. Here we shall find that the 
first non-trivial conserved charge of the spin chain translates into an "axial" symmetry 
of Af = 4 Super Yang-Mills theory at iV = oo. The latter transforms between states of 
opposite "parity" with respect to reflection of color traces. 

What is more, this symmetry turns out to be conserved by the two loop interactions 
as well. This might indicate that Af = 4 gauge theory can be used as a source for new 
integrable spin chain Hamiltonians with interactions more subtle than just the standard 
nearest neighbor ones: At one-loop, we have the standard XXX1/2 Heisenberg spin chain, 
which is exactly integrable. Higher loop quantum corrections constitute deformations 
of the spin chain with a smooth deformation parameter g YM . At 0{g Y \ A ) the spin chain 
interactions involve k nearest neighbors. When all interactions up to 0{g Y \ A ) are included, 
the model's charges commute only up to terms of higher order. Therefore, in order for 
the deformed model to still be exactly integrable, all quantum corrections (any k) have 
to be taken into account. Our integrable deformation is thus, for finite g YM , non-local. 
In a certain sense locality is recovered as g YM is tuned to zero. 

Assuming the symmetry to hold at the three-loop level allows us to fix the planar 
version of the three-loop dilatation operator for scalar operators of the type discussed 
above. E.g. the resulting dilatation operator implies the following result for the three- 
loop planar contribution to Ajc>: 

A a i 3 9 YM N 3g YM N 2 21g«JV 3 

Our paper is organized as follows. We start by recalling the derivation of the one-loop 
dilatation generator in Sec. 121 and move on to determine its two-loop version in Sec. H3 
Section 0] is devoted to the application of the resulting dilatation generator to lower 
dimensional operators and contains in particular a discussion of certain peculiarities of 
the large- TV expansion related to degeneracy and mixing of single and multiple trace 
states. Next follows in Sec. El a treatment of two-impurity operators of arbitrary finite 
dimension in the spirit of reference [20], leading in particular to an exact expression 
for the planar two-loop anomalous dimension for any such operator. As a corollary we 
show in Sec. |B] that the two-loop contribution to the quantum mechanical Hamiltonian 
describing BMN gauge theory jHl] can be simply expressed in terms of its one-loop 
counterpart which suggests an all genera version of the celebrated all-loop BMN square 
root formula jTHUHlllSl • In Sec. [3 we discuss the spin chain description of Af = 4 Super 
Yang-Mills theory 37^ and point out certain consequences thereof, cf. the discussion 
above. Finally, in Sec. Owe discuss possible implications for arbitrarily high loop orders. 
In particular, we speculate about how fully exploiting the integrability might lead to 
exact planar anomalous dimensions. In addition we conjecture the existence of novel 
integrable deformations of the standard Heisenberg spin chain. We furthermore call the 
attention of the reader to App. [D] which contains a collection of previously unknown 
anomalous dimensions for lower dimensional operators. 
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2 One-loop revisited 



The generator of dilatations on scalar fields at one-loop is given by eq. ([1.6)1 . At one- 
loop mixing between operators with different kinds of fields is irrelevant. Therefore (jl.6j) 
alone determines the one-loop anomalous dimensions of operators whose leading piece is 
purely made out of scalar fields. 

In the following we will rederive this result to make the reader familiar with the 
methods and transformations in a rather simple context. All these steps will reappear at 
two-loops in a more involved fashion. We start by introducing the notation at tree-level. 
We sketch the renormalization procedure at one-loop and apply it to obtain the one-loop 
dilatation generator. 

2.1 Tree-level 

We obtain the anomalous dimensions of a set of operators O a by formally evaluating 
their two-point functions. For that we distinguish between fields at points x and by 
the superscript ± 

<£+=0 m (x), *-=* m (0). (2.1) 
The operators O a are constructed as traces of scalar fields 

O a {$) = Tr $ m $ n $ m ...Tr$ n ..., <D± = O a ($*), (2.2) 

where a enumerates the operators. The tree-level two-point function can formally be 
written as 

(OiO^) tiee = e W (W (x,^,d-))O+O^ , (2.3) 
where Wq is the tree-level Green function 

W (x,<P + ,<p-)=I 0x Tr<P+J^. (2.4) 

The scalar propagator I xy is defined in (jB.lj) . In order for the result to be non- vanishing 
all the scalar fields <&~ in OZ need to be contracted to fields <& + in 0+ with the propagator 
Iq x . In particular the number of fields of the two operators must be equal. 

2.2 Renormalization 

For the one-loop correlator we insert the (connected) one-loop Green function W 2 into 
the tree-level correlator ()2.3|) 

(0+0- p > onc _ loop = exp(W (x, #-)) (1 + g 2 W 2 (x, ^))O+O^\ 0=O , (2.5) 

where g 2 = g 2 M /16n 2 . We now change the argument <P + of W 2 to Iq x ^ ■ This can be 
done because the result vanishes unless every <E>~ is contracted with some before the 
fields <P are set to zero. Here, the only possibility is to contract with a term in Wq which 
effectively changes the argument back to <£> + . In doing that we need to make sure that 
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no new contractions appear between the arguments $ and $ of W 2 . Formally, this is 
achieved by 'normal ordering' : :. The correlator becomes 

(^Le-Loop = ex P (WoM + ,<th)(l + g 2 V 2 -(x))O:O^ =0 , (2.6) 

with the one-loop effective vertex 

V 2 (x) = :W 2 (x,I 0x 1 <P,<P):. (2.7) 

Instead of replacing <£> + we could have replaced <P~ . This shows that in ()2.(ij) V 2 is 

equivalent to V 2 + . In other words V 2 is self-adjoint with respect to the tree-level scalar 
product. 

We renormalize the operators according to 

= (l-\g 2 V 2 {x Q ))0, (2.8) 

and find 

<a+a,) onc _ loop = exp(WoM + ,<r)) (1 + g 2 V 2 -(x) - g 2 V 2 -{x ))O + a O- p l =Q . (2.9) 

In the present renormalizable field theory in dimensional regularization the dependence 
of V 2 on x is fixed, we write 

2 A* x \ 

We send the regulator to zero and find 

hm(V 2 {x) - V 2 (x )) = hg(x 2 /x 2 ) D 2 , (2.11) 

with 

D 2 = -\imeV 2 . (2.12) 
The final answer for the renormalized correlator at e = is 

(t^Le-ioop = exp(^ )exp(log^/x 2 )/ J D 2 -)^O-| <?=0 , (2.13) 

in agreement with conformal field theory. D 2 is the one-loop correction to the dilatation 
generator. Furthermore, the coefficient of the correlator is given by its tree-level value as 
D 2 multiplies the logarithm only. Although we are interested in correlators of renormal- 
ized operators as on the left-hand side of ()2.13|) . we can work with bare operators as on 
the right hand side of ()2.13|) . We will not distinguish between the two types of operators 
O and O. It will be understood that an operator in a correlator is renormalized. 

2.3 Evaluation of diagrams 

The one-loop connected Green functions are depicted in Fig. ^ To evaluate them we 
make use of the M = 4 SYM action in ()A.1|) with the coupling constant g which is 
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a b c dl d2 d3 e 

Figure 1: One- loop Green functions. The diagrams display the combinatorial structure with 
respect to the gauge group rather than their space-time configuration. The solid, wiggly, dashed 
lines represent scalars, gluons, fermions, respectively. The dotted lines correspond to a local 
interaction of four scalars/gluons. 

related to the usual coupling constant g YM by g 2 = g YM /16ir 2 . The one-loop Green 
functions evaluate to 

W 2 , b = \X 00xx (Tr [#+ , [$+, <P-} + Tr [$+ , <P7 n ] *+]) , 
W 2 , c = (-\H 0xfix - Y 00x I 0x + \X 00xx ) Tr[&+, $-][&+, $-}, 
W 24 = -Y 00x Tr[i>+,T a }[T a ,<p-}. (2.14) 

The functions X, Y, H are denned in (jB.2|) . Diagram e vanishes by antisymmetry, its 
structure is Tr[<£>+, $~] = 0. We use a Jacobi-Identity to transform the second 

structure in W 2 ^ 

Tr[<Z>+ , $r) [d~, &+) = Tr[£+ , &+} dft - Trfc <P m ] [#+ (2.15) 
We shuffle some terms around and get 

W 2A = X mxx {\Tz[^M[^K\ + |Trfc^]fc^])> 
W 2>B = -iH 0x>0x Tv[$t,$-}[$t,$n}, 

W 2 , c = -y o,(/o,Tr[^+^-][^+ 0~] + Tr[<Pi,T a }[T a ,<P m ]). (2.16) 
According to (|2.7|) we write 

^ 2 ,a = X 00xx I 0x 2 {±:TY[<P m ,<P n ]{i> m ,<P n }-. + i:Tr[^ m ,4][^m,^n]:), 

V 2 ,c = -WteOlt^m^m][^n^n]: + :Tr [<P m , T a ] [T\ <P m ] :) . (2.17) 
The last term can now be written as 

V 2 , c = - Wo* 1 Tr[0 m , £ m ] [# n , £ n ] 

= —YooxIqx Tr ([T a , <P rn ]<P m ) Tr([T a ,<P n }<P n ) 

= -Y 00x I^G a G a . (2.18) 

The generator G a = Tr[T a , <5 m ]<f> m is the generator of gauge transformations for scalar 
fields. Therefore V 2i c does not act on operators which are color singlets, it is irrelevant. 
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The remaining functions X and H have the following expansion in e, see (|B.3J) , 

XqQxx f 2 2 \ » ^(1 — e ^ 



4* Ve 7 |i/i% 2 | 

%5£ = (_48 C (3) e + 0(e>)) (2.19) 
1 ox IfA* x | 

When inserted in (I2.12|) this proves our initial statement about the one-loop dilatation 
generator 

D 2 = Am = -:Tr[$ m ,$ n ][$ m ,$ n ]: - §:Tr[<2> m , <£ n ] [<P m , $ n ]:. (2.20) 



3 Two- loop 

In this chapter we will derive the central technical result of the paper: We will find the 
two-loop correction to the dilatation generator, as announced in eq. (11.14)1 . Written in 
SO (6) notation, it is given by 

D 4 = -2:Tr <P m [<P n , [$ m , [$ p , + :Tr<P m [<P nj [T a , [T\ [<P m ,<P n ]}}}:. (3.1) 

This result is valid for pure scalar operators. Here pure means those composite operators, 
made from the six fundamental scalar fields of the model, that do not mix with other, 
non-scalar types of fields (or fields containing covariant derivatives). These pure scalars 
are given by the SO (6) representations [p, q,p] with A = 2p + q. We start with a group- 
theoretical argument why the dilatation generator closes on this class of operators. We 
proceed by extending the renormalization scheme to two-loops. Then we investigate the 
allowed structures in D4 by considering the relevant Feynman diagrams. Finally we fix 
the coefficients of the structures to obtain (|3.1|) . 



3.1 Group-theoretical constraints on mixing 

Restricting oneself to operators constructed from scalar fields <P m only is in general not 
possible due to operator mixing: Scalar operators can also contain scalar combinations 
of fermions \P A , field strengths F^ u and derivatives T>^. All these operators are space- 
time singlets and they must be treated on equal footing. Nevertheless, one can isolate 
certain classes of operators by employing certain representations of the flavor symmetry 
group SO(6) ~ SU(4). For example the representations (a, b, c) ~ [b + c, a — b, b — c] 
(Young tableau/Dynkin labels) with classical scaling dimension Ao = a + b + \c\ do not 
admit derivatives or field strengths. If furthermore c = 0, fermions are excluded and the 
operator must consist of only scalar fields. We will therefore consider operators in the 
SO (6) representation 

(a, b, 0) ~ [b, a - b, b] with A = a + b. (3.2) 

These operators need not be superconformal primaries. If they are, they belong to the 
protected C series of unitary irreducible representations (UIR) of SU(2,2|4). In that 
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a b c d e f g 

Figure 2: Sample two-loop Green functions. 



case they are quarter BPS operators (for b ^ 0) or half BPS (for 6 = 0). Otherwise 
they belong the A series unprotected scalar UIR (a — 2, b — 2, 0) ~ [b — 2, a — b, b — 2] 
with A = a + b — 2. This UIR is at both unitarity bounds and splits into four UIR's at 
9ym — 0. The operators under consideration are primary operators of the highest-lying 
submultiplet. 

We will now prove the above two statements concerning absence of mixing. The 
SO(6) weights of the six scalars are (±1,0,0), (0, ±1,0), (0,0, ±1), the weights of the 
eight space-time pairs of fermions are (±|, ±'|, ±"|) and derivatives as well as field 
strengths have trivial weight (0, 0, 0). We see that the sum of labels a ± b ± c for all of 
these is bounded from above by the corresponding scaling dimension of the field. For 
a composite operator the labels of the constituents simply are summed and therefore 
a ± b + c is bounded from above by the scaling dimension Ao- If this bound is to be 
achieved, all constituent fields must be on the bound as well. This is true only for 
the three scalars with the weights (1, 0, 0), (0, 1, 0), (0, 0, 1) and a pair of fermions with 
weig ht (§,§>!)■ This 

proves the first statement. Furthermore if c = for the composite 
operator the third scalar and the fermions are excluded as constituents. This proves the 
second statement. 

As advertised, an operator with a±6 = A ,c = 0is constructed from two scalars 
only. These scalars are charged with respect to different U(l) subgroups of SO(6). We 
choose 

Z=^(?5+i$*), ^ = 73(^1+^2). (3.3) 

We identify a, b with the number of Z, fields and assume a > b. It may be shown 
that any combination of the fields Z,</> is traceless with respect to the original SO(6) 
symmetry. Written in terms of Z, the dilatation generator ([1.3)1 . p. 6)1 . ([3.1)1 is 

A) = TrZZ + Ti(p4>, 
D 2 = -2:Tr[<f>,Z][4>,Z}:, 
D 4 = -2:Tr [[cf>, Z], Z] [$,Z],Z]: 
-2:Tr[[0,Z],0][[0,Z],0]: 

-2:Tr[[0,Z],T a ][[0,Z],T a ]:. (3.4) 

For the derivation of the two-loop result, however, we keep the SO(6) symmetry manifest 
and consider the correlator of two pure scalar SO(6)-traceless operators. 
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Figure 3: Two-loop Green functions with three pairs of legs. 



3.2 Three pairs of legs 

At two loops the interaction can be disconnected (Fig. EK) or connected. The discon- 
nected diagrams can be shown to effectively yield (log) 2 terms, necessary for the con- 
formal structure of the correlator, plus further connected diagrams, see App. O We 
classify the connected interactions by their number of legs. We can have three pairs of 
legs (Fig. Et), two pairs of legs with one bulk loop (Fig. Et,d,e,f) or one pair of legs with 
two bulk loops (Fig. Ek). We start by analyzing the diagrams with three pairs of legs. 

The interactions with three pairs of legs are depicted in Fig. El Most of the diagrams 
correspond to two one-loop interactions (see Fig. [TJ connected at one leg. We start by 
subtracting the connected part of two one- loop vertices, see (jC.6|) . This gives rise to 
the same structures but with different coefficient functions. As in the one-loop case the 
type b sub-diagrams consist of two parts, see ()2.14|) . The first part contains local SO (6) 
traces, We have restricted ourselves to traceless operators and drop the term. 

The second term can be transformed by a Jacobi identity to sub-diagrams of type a and 
c, see f)2. 15j) . This effectively doubles the sub-diagrams of type a. Then we notice that all 
type c sub-diagrams have a scalar line that is connected to the rest of the diagram only 
by one gluon-line. By removing some normal ordering we can write those diagrams as 
G a X a plus diagrams with two pairs of legs in analogy to ()2.18j) . As G a is the generator of 
gauge transformations and the operators are color singlets, we can drop G a X a . The same 
holds for the dl diagram. The d2 diagram has local SO (6) traces and will be dropped. 
The d3 diagram (as well as a number of diagrams with vertical gluon lines as in Fig. 
which have been omitted in Fig. EJ) vanishes by symmetry: The diagram is proportional 
to :G a G h G c : Tr[T a , T b ]T c . 

The only diagram with three pairs of legs that effectively remains is Fig. EKa. It is 
multiplied by four due to contributions from ab, ba and bb. Its combinatorial structure 
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is given by 

:Tr$ m [^ n ,[d m ,[^ p ,[^ n ,S p ]]]]:. (3.5) 
3.3 One and two legs 

There are many diagrams with one or two pairs of legs, see Fig. Eb,d,e,f,g. Additionally, 
the connected piece of two one-loop diagrams and some reductions of diagrams with 
three pairs of legs have to be taken into account. Instead of considering all these we 
investigate the possible algebraic structures. A generic diagram consists of one trace and 
four commutators. This can always be brought into the form 

:Tr. ..[...,[...,[...,[.. .,...]]]]:. (3.6) 

For diagrams with two pairs of legs we need to distribute <P m , <P n , $ m , <t n and two T a on 
the six slots. We start by distributing the T a . If both T a are in the first two or the last 
two slots, the structure vanishes by antisymmetry. If we place a T a in the first or the 
last slot, we can interchange it with the second or second-but-last. There are identities 
when the two T a are next to each other (corresponding to Fig. 

[T a , [T a , [A, Y}}} = [X, [T a , [T a , Y]}} = 2 (Tr T a T a / Tr 1) [A, Y], (3.7) 

or one step apart (corresponding to Fig. |2Ji) 

[T a , [A, [T a , Y}]\ = (Tr T a T a / Tr 1) [A, Y]. (3.8) 

The combination Tr T a T a / Tr 1 depends only on the gauge group, for U(A) it equals N . 
With these we can remove two commutators along with the T a and get two independent 
structures 

Tr$ m [$ n , [T a , [T a , [£ m A]]]] ~ NTr[0 m ,$ n ][$ m ,$ n ], (3.9) 

and 

:Tr<P m [<P m , [T a , [T a , £„]]]]: ~ N:Tr[$ m ,& m ][$ n ,$ n ]:. (3.10) 

By use of gauge invariance, see (|2.18jl . we can write ()3.10|) as a one pair of legs diagram. 
The remaining structures have the two T a two steps apart (corresponding to Fig. Efe,f). 
We write them as 

:TrT a [X h [X 2 ,[X 3 ,[X 4 ,T a }}}}:. (3.11) 

Using Jacobi identities on the nested commutators it is easy to see that we can inter- 
change any of the Aj at the cost of terms like ([3.8)1 . The only remaining independent 
structure can thus be chosen as 

:TrT a [0 m , [$ m , [<2> n , [^„,T a ]]]]:. (3.12) 

By use of the identities ()3.7j) and (|3.8j) a diagram with one pair of legs (Fig. Ek) can 
always be written as 

Tr^ m [T a , [T\ [T\ [T\$ m ]]]] ~ A 2 Tr^ m - ATr<? m Tr^ m . (3.13) 
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3.4 Determining the coefficients 



All in all there are four independent structures ()3.5|) . (|3.9p . f)3. 12j) and ()3.13|) . The 
dilatation generator at two-loops must be a linear combination of these. By using 
known results we determine this linear combination. 

We start by applying the structures to the half BPS operator Tr Z J . This operator 
is protected, it does not receive corrections to its scaling dimension. Consequently _D 4 
must annihilate it. Indeed the structures ()3.5|) and ()3.9|) do so. The structure (j3.13|) 
gives JN 2 Tr Z J while fl3~T2"J) gives 

j-i 

2 J ( N Tr ZP Tr zJ ~ P + Tr Z 2 Tr ZP ~ X Tr Z- 1 - 1 ^) , (3.14) 
P =i 

(up to terms involving Tr Z). Thus in order for D4 to annihilate Tr Z J the coefficients of 
fl3.13j) and (J3.12)) must vanish. This vanishing was explicitly confirmed in references fHIl 
l3*T| . Our two independent structures correspond directly to those appearing there. 
We are now left with 

D 4 = a:Tr$ m [<P nj [$ m , [<P P , [$ n , $„]]]]: + (3 Tr <P m [<P n , [T a , [T\ [$ m ,$ n ]]]\. (3.15) 

For the BMN-operators, see Sec. U (|3.15|) produces the two-loop planar anomalous di- 
mension 

(2(3 + a)g\ m NW < M iV 2 n 4 

16^ + 8J^ • (3 - 16) 

By the pp-wave/BMN correspondence we would expect the first term to vanish in 
order for the BMN limit (j6-H) to be well-defined. The second term should equal 



_i A , v = _ y™_ (317) 



This is also the result of an explicit calculation ^Hj and an investigation using supercon- 
formal symmetry [13]. We find 

a = -2, (3 = 1. (3.18) 
This concludes our derivation of the two-loop dilatation generator (|3.1|) . 



4 Applications to lower dimensional operators 

In this section we will apply the two-loop dilatation generator to a set of lower dimen- 
sional operators. We consider only those representations where mixing with fermionic 
and derivative insertions is prohibited, see Sec. 13.11 More explicitly, these are space-time 
scalars in the SO(6) representations \p, A — 2p,p}. Furthermore, we will consider SU(iV) 
as the gauge group. This is equivalent to dropping all traces of single fields. For low 
dimensions the calculations are easily performed by hand; as the dimension increases it 
is useful to use an appropriate code in order to quickly and reliably work out the action 
of the dilatation operator 6 . 

6 Many results of this section and Sec. |S| have been obtained using Mathematica. Computing e.g. 
the exact dilatation matrix at two-loops for the 48 operators of dimension 8 took 90 sec. on a 366 MHz 
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dim 


S0(6) 


BPS + - 


2 


[0,2,0] 


1 _ _ 


3 


[0,3,0] 


1 _ _ 


4 


[0,4,0] 
[2,0,2] 


2 - - 
1 1 - 


5 


[0,5,0] 
[1,3,1] 
[2,1,2] 


2 - - 
1 - - 
1 1 - 


6 


[0,6,0] 

[1,4,1] 
[2,2,2] 

[3,0,3] 


4 - - 
1 - - 
3 3 - 
- 1 


7 


[0,7,0] 
[1,5,1] 
[2,3,2] 
[3,1,3] 


4 - - 

3 - - 

4 4 - 
2 2 1 



Table 1: BPS and unprotected operators up 
representation Ao, \p, q,p] belong to the SU(2, 
They are separated into two groups, + and — 



dim 


SO(6) 


BPS 


+ 


— 


8 


[0,8,0] 


7 


- 


- 




[1,6,1] 


4 


- 


- 




[2,4,2] 


8 


8 


- 




[3,2,3] 


3 


4 


3 




[4,0,4] 


4 


7 


- 


9 


[0,9,0] 


8 


- 


- 




[1,7,1] 


7 


- 


- 




[2,5,2] 


11 


11 


- 




[3,3,3] 


9 


11 


5 




[4,1,4] 


5 


11 


2 


10 


[0,10,0] 


12 


- 


- 




[1,8,1] 


10 


- 


- 




[2,6,2] 


19 


19 


- 




[3,4,3] 


13 


18 


9 




[4,2,4] 


15 


33 


5 




[5,0,5] 


1 


4 


8 



to dimension 10. The unprotected operators of 
2|4) UIR [p — 2,q,p — 2] of bare dimension Ao — 2. 
according to their parity, cf. Sec. [7) 



4.1 Quarter BPS operators 

Quarter BPS operators belong to the representations [p, q, p] with p > 1 and have classical 
scaling dimension A = 2p + q. (For p = the operators are half BPS.) In reference 
the explicit construction of lower dimensional 1/4 BPS operators was initiated. The 
strategy consisted in first writing down all linearly independent local polynomial scalar 
composite operators in a given representation and next diagonalizing the corresponding 
matrix of one-loop two-point functions in the inner product given by the matrix of tree- 
level two-point functions. The former part of the strategy was very recently systematized 
and completed in jH]. Our idea of focusing on the dilatation operator of the theory allows 
us to significantly simplify and extend the analysis of |3*3*)l44j . As explained in Sec. Qone 
does not need to work with the tree-level inner product but can by use of the effective 
vertices (J2.20j) and 1)3.1)) directly write down the action of the dilatation generator in 
any convenient basis of operators. The (possible) 1/4 BPS operators are then simply 
determined as the kernel of the dilatation operator. By our method we have confirmed 
the BPS nature of the operators found in [HH1E1] up to two-loop order (without any 
modification of mixing coefficients at 0(g^ M )). Furthermore, we have determined all 1/4 
BPS operators of dimension 8 (to two-loop order) and of dimension 9 and 10 (one-loop 
order). Needless to say that our method also gives access to a host of previously unknown 
two-loop anomalous dimensions of unprotected operators. Our results on BPS operators 
are summarized in Tab. Q and a collection of anomalous dimensions can be found in 

PC. Obviously it is also useful and straightforward to use Mathematica or similar to diagonalize the 
dilatation matrices and perform the -h expansion of the eigensystem. 
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the following sections and in App. [01 It is known that operators in the representations 
[l,p, 1] are always 1/4 BPS. For the operators considered in Tab. [I] it appears that exactly 
half of those belonging to representations of the type [2,p, 2] are 1/4 BPS, see also Sec. El 
In the following two sub-sections we shall discuss some further insights gained from 
our analysis. 



4.2 Exact results for lower dimensional operators 

From Tab. Q]we see that there is exactly one unprotected operator in each of the repre- 
sentations (A Q = 4, [2,0,2]), (A = 5, [2,1,2]) and (A = 6, [3,0,3]). These operators 
can be written as 

/C' = a = Tr[0, Z ][<p, Z], 
O b = Tr[0, Z}\<j>, Z]Z, 

a = Tr[0,Z][0,Z][0,Z], (4.1) 

and descend from the operators 

£ = Ca.o = Tr$ m $ m , 
£> b ,o = Tr$ m $ m <£„, 

C) o = Tr$ m $ m [$ n ,$ p ], (4.2) 

with (A = 2, [0, 0, 0]), (A = 3, [0, 1, 0]) and (A = 4, [1, 0, 1]). For the operators (IP) 
the dilatation generator yields 

A*, = A a = 4 + 
A b = 5 + 







471-2 


16vr 4 


9 2 YM N 




2ir 2 


32vr 4 ' 






471-2 


64tt 4 



Ac = 6 + 64^' (43) 

and these values do not receive any non-planar corrections at the present loop order. 
Note that the anomalous dimension of the Konishi descendant K' agrees with previous 
results |43|l38| l4(ij and that A^' and Ab are in agreement with the general formula (|5.17jl . 
corresponding respectively to the cases (J,n) = (2, 1) and (J,n) = (3, 1). The operator 
O c is the first in an infinite sequence of operators with identical quantum anomalous 
dimensions, to be discussed in Sec. 



4.3 Peculiarities of the large N expansion 

Most of the other single-trace operators in Tab. Q cease to be eigenvectors of the one- 
loop dilatation generator when we include non-planar corrections, due to mixing with 
multiple trace operators. This mixing has important consequences for the very nature 
of the anomalous dimension of these operators as we shall illustrate by the examples of 
(A = 6, [2, 2, 2]) and (A = 7, [2, 3, 2]) from Tab. □ 
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The operators in the first example are descendants of the operators with (Ao 
[0,2,0]) studied in )I7) . The three unprotected operators can be chosen as 



4, 



Tr[0,Z][0,Z]Z 2 
O i Tr[0, Z]Z[(f>, Z]Z 
TrZ 2 Tr[0,Z][0,Z] 



(4-4) 



the commutators conveniently projecting out the three protected ones. In the basis given 
by ()4.4j) the one- and two-loop dilatation generator take the form 



Do = N 



+ 12 


-2 


+ - 

4 


-8 


+8 






JV 


^ N 


16 

N 


+ 12 



(4.5) 



and 



L> 4 = iV 2 | 


+48 + 4| 


+4 + ^4 
-+- ^2 

-16 - 46 

V2 


52 

JV 
, 48 

"r N 




l 144 
\ N 


, 80 
"""iV 


-48- 


64 

AT2 



(4.6) 



Similarly, for A = 7 a convenient basis of unprotected operators consists of the set 
of operators given by 

/ Tr[0,Z][0,Z]Z 3 \ 
Tt[<P,Z}Z[<P,Z]Z 2 



O 



TrZ 2 Tr[</ 
TrZ 3 Trf 



Z][(j>,Z]Z 
>,Z][<f),Z] J 

and in this basis the one- and two-loop dilatation matrices read 

+- \ 

_zL +4 4~i. 

D 2 = N 



(4.7) 



/ +12 

-4 

T JV 

\ +^ 



~1T 

JV 
24 

JV 



+ - - 



+8 






+12 y 



(4.* 



and 



D A = N 2 



( -48- 
+20 + 



V 



192 



36 

AT2 
4 
AT2 



•12 + 

4 

AT 2 

IB" 



36 

AT2 



+ 
+ 







16 



+ 



-24 + 



24 

TV 2 



TV 2 



48 

A' 
20 

N 
24 

JV 2 

-48 - 

48 JV 2 



(4.9) 



/ 



JV 1 JV 

Notice that the dilatation matrices 1)4.5)1 . ()4.6)1 . ()4.8)l and ()4.9)1 are exact to the given 
loop order. Not surprisingly, these matrices have a form compatible with the existence 
of a 't Hooft expansion, trace splitting and trace joining processes being suppressed by 
a power of 4- compared to trace conserving ones. 

At the classical level all the operators in respectively ()4.4j) and (J4.7)) have conformal 
dimension respectively 6 and 7. Including quantum effects at one-loop and two-loop 
order the proper scaling operators consist of some operators which are mainly single trace 
and some which are mainly multiple trace. The corresponding quantum corrections to 
the conformal dimensions are the roots of the characteristic polynomial of the matrix 
g 2 D 2 + g A D±. It is easy to show that this characteristic polynomial has a well-defined 't 
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Hooft expansion with the dependence of g 2 M and N organizing into the 't Hooft coupling 
A = g YM N an d the genus counting parameter ™. Furthermore, its topological expansion 
terminates at a finite genus. However, the roots of the characteristic polynomial need 
not have a terminating genus expansion 7 or even a well defined 't Hooft expansion. Let 
us illustrate this by considering in more detail the operators (14. 4 j) . (|4.7jl . 
For Ao = 6 the relevant characteristic polynomial is of cubic order 

^ 3 -^ 2 +( 2 °-^)^-( 15 -^) ( 4 - 10 ) 

g 2 N ( ( 26 \ „ / 54 \ / 100 

+ 29 + — ]u 2 - 141 - — )u + 150 



16tt 2 V V N 2 J V N2 J \ N2 
and the scaling dimensions up to two-loops are exactly 

a 2 N 

A = 6 + 9 -f^u, (4.11) 

with a; a root of the corresponding cubic equation. The discriminant of the cubic equation 
does not take the form of a perfect square but is easily seen to be expressible as 

with the Cij some constants and Co 5 o 7^ 0, implying that the roots will have a well-defined 
't Hooft expansion which however involves a non-terminating sum over genera. To three 
leading orders in the genus expansion the conformal dimension of the two mainly single 
trace operators read 

A r i 9 2 YM N [ 5±V5 5±2y/5 75 ± 34^ 

A - glc = 6 + — + — j^— j (4.13) 

gt M N 2 f 17 ±5^ 131 ±57^5 1675 ±751^' 
+ 7r 4 I 128 64/V2 + 16iV 4 

whereas that of the mainly double trace one equals 



^double 

7T 



9 2 YM N (3 5 150\ g A YM N 2 f 3 59 1675 
2 V 4 iV 2 iV 4 vr 4 1 16 16A^ 2 8iV 4 



The one-loop contributions to these conformal dimensions agree with those obtained 
in reference jUj and the planar versions of A S i ng i e are in accordance with the general 
formula (|5.17jl for J = 4 and n = 1 and n = 2 respectively. Furthermore the planar part 
of the quantum correction to A double is identical to that of the operator K! in (j4.1|) as it 
should be. 



7 This was also noticed in |331l47ll41| . 
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In the case Ao = 7 the situation is more involved. Here the relevant characteristic 
polynomial is of degree four. The discriminant of the associated cubic polynomial does 
also not here take the form of a perfect square but can be expressed as 

where the Cjj are again some constants. However, this time 00,0 = c^o = 0. This implies 
that not all the wished for conformal dimensions have well defined 't Hooft expansions. 
(Of course they still exist as the exact roots of the characteristic polynomial.) Two of the 
conformal dimensions, associated with respectively a mostly single trace and a mostly 
double trace operator, do have well defined 't Hooft expansions and for these we find for 
the first few orders 



QluN fl 253 \ g^i 



N 2 ( 3 103 5541 \ 



A =7 4- ^ YM I _ _|_ 1 j _i_ •^_ L ™__ 1 I 

smglc vr 2 V4 IQN 2 64iV 4 / vr 4 V 128 10247V 2 8192/V 4 J 

a -r^dluNfl^J: 17 \ , g^N 2 ( 3 7 129 \ 

doublc ~ + 7T 2 V2 2iV 2 2iVV + vr 4 V 32 + 327V 2 + 32iVV ' 1 J 

Here we notice that the planar contribution to A S i ng i e is in accordance with the general 
formula (J5.17J) for (J,n) = (5, 1) and that the planar quantum correction to A doub i e as 
expected is the same as that of the operator in equation (|4.1j) . We then remove the 
roots associated to these scaling dimensions and obtain from the quartic polynomial a 
quadratic one. This quadratic polynomial has the roots 

A remaining = 7 + 9 -^- (M±VV), (4.16) 
, , ,'3 3 291 \ g 2 N ( 45 537 27483 



4 32iV 2 128iV 4 / vr 2 V 256 2048iV 2 16384/V 4 
v = _ 531 \ + g^N f 3123 + 29295 \ + 9^ M iV 2 



V32/V 2 1024/V 4 y 7T 2 V 4096iV 2 327687V 4 / 65536?r 4 ' 

As we have determined the two well-defined scaling dimensions in a perturbative fashion, 
the coefficients A4,T> of the new polynomial are series in and g^ m N. (Here we notice 
that the last coefficient in T> is indeed determined by D2 and D4 alone and as we shall 
see it plays a crucial role for the analysis.) From the form of T> it follows that we have a 
square root singularity in the (A, ■h) plane with a branch point at the origin. Obviously, 
we can not expand y/V in powers of A and -h at the same time. Thus for the remaining 
two operators it only makes sense to speak of either a singular anomalous dimension 
fl4.16j) . a planar anomalous dimension (TV — > 00) or a one- loop anomalous dimension 
(g — > 0). For the planar anomalous dimension we find 

A _ 7 , ZfaN 2lg* YM N 2 

^sinelc.Dlanar ' T 



^single.planar < i* ^ \2StT 4 

g 2 YM N Sg^N 
An 2 16tt 4 



a _ 3g 2 YM N 3^ M iV 2 

^double,planar /i„2 1 C_4 " K^' 11 ) 
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The first of these anomalous dimensions correctly reproduces the result encoded in the 
general formula (|5.17|) and the quantum correction of the second agrees with that of 
the Konishi operator K,. For the one-loop anomalous dimension one gets to four leading 
orders in the large- N expansion 

A - 7 I 9 ™ N ( 3 + 3 ^ 3 T 59V6 A 

^one-loop < + ^ 32N 2 + 5UN 3 J ' 

The absence of a well-defined 't Hooft expansion for the conformal dimension of certain 
operators is a degeneracy effect and the appearance of odd powers of i is a particular 
manifestation of this. From the form of the one-loop dilatation matrix ()4.8|) it follows that 
at the planar level a single trace state and a double trace state are degenerate. Treating 
the -k effects as a perturbation thus calls for the use of degenerate perturbation theory 
which exactly gives rise to the 4 corrections in equation (|4.18jl . lifting the degeneracy 
present at the one-loop level. The degeneracy is also lifted if instead the two-loop effects 
are treated perturbatively and it is this simultaneous lift of degeneracy by two non- 
commuting perturbations which is the origin of the problems with the 't Hooft expansion. 
Note that these problems also renders problematic the perturbative evaluation of higher 
point functions in conjunction with the expansion. This question is however beyond 
the scope of this paper. 

5 Two impurity operators 

Berenstein, Maldacena and Nastase suggested to investigate operators of a large dimen- 
sion A and a nearly equally large charge J under a subgroup SO (2) of SO (6). We 
identify the SO(2) subgroup with the group U(l) corresponding to the phase of the field 
Z defined in (13. 3j) . Then the relevant operators constitute long strings of Z-fields with 
Ao — J impurities scattered in. As particular examples BMN investigated operators 
with zero, one and two impurities of type 0. As shown in [20] it makes perfect sense to 
consider these operators also for arbitrary finite values of J. The primary single-trace 
operators with up to two impurities are in one-to-one correspondence with the SO (6) 
representations [0, A , 0] and [0, A — 2, 0]. These primary operators have supersymme- 
try descendants that can be written in terms of J fields Z and two impurities of type </>. 
They belong to the representation [2, A — 4, 2] for which we may apply the dilatation 
generator up to two- loops as given by (|3.4|) . A generic multi-trace operator with two 
impurities is written as 8 

k 

O J ;Jx,...,J k = Tr(0Z p 0Z J °- p ) JjTr Z J \ (5.1) 

i=i 

k 

Qj 0> j v ,Ji,...,J k = Tr(0Z Jo ) Tr(0Z Jl ) JjTr Z J \ (5.2) 

i=2 

8 We observe that there seem to be as many unprotected operators of the type (|5.1|l as there are BPS 
operators of the type (|5.2|l in the SO(6) representation [2, A — 4, 2], see also Tab.^ 
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with Y2i=o ^ = J ■ Both series of operators are symmetric under the interchange of sizes 
Jfc of traces Tr Z Jk , O is symmetric under p — > J — p and Q is symmetric under J <-> J x . 
The quantum dilatation generator (|3.4j) can be seen to act as 

<.» ( ° ) = ( : 0(c)- < 5 ' 3) 

i.e. operators of type Q are never produced. This follows from the fact that all produced 
objects will contain a commutator [0, Z] in some trace and this trace will vanish unless 
it contains another 0. It immediately shows that for every Q there is one protected 
(quarter BPS) operator. Its leading part is given by Q itself, plus a ■h correction from 
the operators O [2SIE1I2SII2E]- On the other hand the operators O are in general 
not protected and we will investigate their spectrum of anomalous dimensions in the 
following. From the form of the dilatation matrix we infer that operators of type O do 
not receive corrections from operators of type Q; the latter therefore completely decouple 
as far as the consideration of the O's is concerned. 



5.1 The action of the dilatation generator 

When acting on states of the type given in (j5.1j) the one- and two-loop dilatation operator 
take the form given in equation ([3 .4)) . i.e. 

L> 2 = -2:Tr[Z,0p,0]:, 

D 4 = 2:Tr[Z,<f>}[Z,[Z,[Z,4>})): (5.4) 
+ 4N:Tr[Z,(f>}[Z,4>}: (5.5) 
+ 2:Tr[Z,0][0, [0, [Z,0]]]:. 

Here we shall prove a further simplification occurring when Z) 4 acts on (|5.1|) . namely 

Da = -\ (D 2 ) 2 + 2 :Tr[Z, 0][0, [0, [Z, 0]]]: (5.6) 
= -\{D 2 ) 2 + 8D±. (5.7) 

This relation explicitly shows that D 2 and D4 do not commute due to the extra piece 5D^, 
involving an interaction of both impurities that was not present at the one-loop level. 
Eq. (|5.fij) is shown as follows: When applying D 2 to an operator O p of the type (j5.1j) 
there are two possible ways of contracting the in D 2 with a in O p . Each of these 
possibilities gives the same contribution to D 2 O p 9 . The operator D 2 O p is again a sum 
of operators of the type (j5.1J) . Therefore, when evaluating D 2 (D 2 O p ) we get the same 
contribution from the two possible contractions of the in the leftmost D 2 with a in 
(D 2 O p ). We can thus determine D 2 (D 2 O p ) by contracting in the leftmost D 2 with 

9 This fact can be confirmed by direct computation. It can also be proven by use of the parity 
operation defined in Sec. [7] Let us tag one of the impurities, <f>' , D% will only contract to this impurity. 
Whatever the outcome of D2 Tr </>' Z p (j)Z J ~ p will be, it is again of the type (|5.1II and thus has positive 
parity. Therefore D 2 Tr <j>' ZP(j)Z J ~ p = PD 2 Tr $ ZP^Z J ~ P = D 2 P Tr 0' ZP(f>Z J -P = D 2 Tr Z J -P(/)ZP(j>' = 
D 2 Ti(j)ZP(t)'TYZ J -P. 
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the 4> in the already applied D 2 and multiplying the result by two. Next, the Z of the 
leftmost D 2 must be contracted with one of the Z's of (D 2 O p ). This can either be a 
Z of the original O p or the Z appearing in the already applied D 2 . These two types 
of contractions are, up to an overall factor, described respectively by the vertices (|5.4j) 
and (J53J)- 

It is easy to write down the exact expression for D 2 O p . Let us define 

D 2 = ND 2 . + D 2 , + + D 2 ,_ , (5.8) 

where D 2 -o is trace conserving and D 2 . + and D 2 ._ respectively increases and decreases 
the trace number by one. Then we find 

Dim o-jr" h = -i^w.c^r /; - (<w + «*,„„) o-; r " '• (5.9) 

p-i 



>^fc+i=i 

Jo— p— 1 

_ ^ /^Jo^-Jfc + i;Ji,...,Jfc + i _ ^)Jo-J fc+ i;Ji,...,J fc+ i^ 

•4+1=1 

1=1 

fc 

^ ^ ^ J. ^^)Jo + Ji; Ji,...,J(j,..., Jfc QJl) + Ji\J\, 



In analogy with ()5.8|) one can write 6D4 as 

5L> 4 = N 2 5D 4 . + N5D A . + + N5D±._ + 5D 4 . ++ + 5£> 4; — + 5L> 4;+ _, (5.10) 

where £.D 4;+ _ stands for the genus one trace number conserving part. For 5-D 4; o we get 
(for J > 0) 

5D i;0 Olr< '■ = A{5 pfi + 8 P! j - 5 pA - <Wi) (o{°> Jl ""> J * - O f '') • (5.11) 

The remaining contributions to 5D A likewise always produce operators in the combination 
0\ — Oq. We defer the exact expressions for <5-D 4; _, 5-D 4; +, <5.D 4;++ and 6D i]+ _ to App.lEl 
The contribution 5D^ is easily seen to vanish. 
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5.2 The planar limit 

In the basis of symmetric two-impurity single trace states of the type (j5.1J) with k = 
the planar one-loop dilatation matrix takes the form (for J > 1) 



/+1 -1 
-1 +2 -1 



D 2 :0 



\ 



V 



-1 +2 -1 
-1 +1/ 



(5.12) 



Notice the special form of the boundary contributions which follows from the presence 
of the (^-functions in equation (|5.9|) . As exploited in reference [201 the matrix ()5.12|) has 
the following exact eigenvectors 



1 J 

p=0 



(5.13) 



We emphasize that equation f)5.13j) thus gives for any value of J our one-loop planar 
eigenoperators. Note that J n = J _ n = —Oj +1 _ n . Thus the set of independent modes 
can be chosen as given by the mode numbers < n < [J/2]. The inverse transform is 



[J/2] , 
O p J = Oto + 2^cos 

n=l ^ 



irn(2p+ 1) 
J+l 



(5.14) 



The corresponding exact planar one-loop anomalous dimension was found in [20] • Moving 
on to the two-loop analysis we infer from ()5.7j) and (|5.1()jl that the matrix D^q can be 
expressed as the square of the one-loop matrix (|5.12|) plus contact-term contributions 
from (EHTl) 





( -1 +1 








+ 1 -1 






























-1 +1 




V 




+1 -1 



\ 



(5.15) 



We now face the problem that the states (j5.13J) are no longer eigenstates of D±. , since 
D 2 -o and SD^.q do not commute. We find 



256 



sm 



7rn 7rn 
cos 



J+l J+l J+ 



[J/2] 
m=l 



2 nm nm 7 

sm cos Ot, . 

J+l J+l m 



(5.16) 
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However, we can treat D^.q as a perturbation and thus find that the two-loop part of the 
planar anomalous dimension is the diagonal piece of D^. proportional to J n . Exploiting 
the relation (|5.7|h for the operators whose one- loop form is given by (|5.13|) we obtain the 
following planar anomalous dimension exact to two loops 

, r ql™N „ Tin gi M N 2 A 7rn / 1 cos 2 f^r \ 

This formula comprises the results A^y, Ab in (|4.3j) as well as the planar piece in A sing i e 
in ()4.13j) . (|4.14jl and (|4.17jl . In (|8.1()j) we present a conjecture for the planar three- loop 
contribution to A^. Furthermore, using standard perturbation theory we can also find 
the (planar) perturbative correction to the eigenstates ()5.13|) : They involve the coupling 
constant dependent redefinition 

n j^ n j 9 2 YM N 1 r sin 2 cos sin 2 ^ cos ^ 

On - O n - — — ^ 8^ n sin 2 ™ _ sin 2 ™ ^m- (5-18) 

m=l J+i J+i 

This ^M-dependent remixing is a complicating feature that we can expect at each further 
quantum loop order; remarkably, it is absent in the small J limit (i.e. for J = 2 (Konishi) 
and J = 3) and in the large J (BMN) limit as discussed in the next section. 

6 The BMN limit of two impurity operators 

In the BMN limit one is supposed to send J to infinity and consider only operators for 
which Dq — J is finite ^7] . More precisely, the BMN limit is defined as the double scaling 
limit 

a 2 N J 2 

J^oo, iV^oo, A' = ^_ g 2 = — fixed. (6.1) 

In reference [33] it was shown how the one-loop dilatation operator could be identified 
as a certain quantum mechanical Hamiltonian in the BMN limit. Since the same quan- 
tum mechanical Hamiltonian turns out to contain all information about the two-loop 
dilatation operator in the BMN limit we shall briefly recall its derivation. 

6.1 The one-loop Hamiltonian 

With J being very large we can view x = j and = y as continuum variables and we 
replace the discrete set of states in equation (j5.1|) by a set of continuum states 

O J ;Jx,..,J* ^ \ x . ri) . . . ^ Tk ) = | r() - x - ri ,..., r k ), (6.2) 

where 

xe[0,r ), r ,rj G[0, 1] and r = 1 - (n + . . . + r k ), (6.3) 

and where it is understood that \x; r 1; . . . , r k ) = \x; r^i), . . . , r^j) with n G Sfc an arbi- 
trary permutation of k elements. 
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Defining 

g 2 D 2 = ±d 2 , (6.4) 

we can write d 2 = d 2 . + g 2 d 2]+ + g 2 d 2 ._ and imposing the BMN limit (j6.1J) we get a 
continuum version of the equations (j5.9J) 

d 2 . \x; n, . . . , r k ) = -d 2 x \x\ n, . . . , r fc ), (6.5) 
d 2; + \x; ri, . . . , r k ) = \ dr k+1 d x \x - r k+1 ; n, . . . , r fe+ i) 

—X 

dr k+l d x \x;ri, . . . ,r k+1 ), 
d 2; - \x; n, ■ ■ ■ , r k ) = ^ r< 9„ |x + j-*; n, . . . . . . , r fc ) 

i=l 

^ ^ 7"i |*^> T\, . . . ,Xj, . . . , T k } . 



The (k + l)-trace eigenstates at g 2 = are (with n integer) 10 

1 f ro 

\n;ri, . . . ,r k ) = — / dx cos (27rnx/r ) x; ri, . . . , r k ). (6.6) 
n> Jo 

This is of course in accordance with the nature of the exact eigenstates at finite J, cf. 
eqn. (|5.1Hjl . The inverse transform of ()6.6j) reads 

oo 

\x; ri, . . . , r fe ) = |0; n, . . . , r k ) + 2 ^ cos (27rmx/r ) |m; n, . . . , r fc ). (6.7) 

m=l 

In the basis f!6.6|) the action of the operator d 2 reads 

d 2;0 |n; r 1? . . . , r fe ) = (^f) 2 |n; r u . . . , r k ), (6.8) 

oo ( 27rm ) 2 s i n 2( 7rn !m) 

^+1^,...,^} = - / dr k+1 ^ — — |m;r 1; ...,r fc+1 ), 

U - 70 ™=1 Vr -r fc+ J U J 

a 2 ._ n: ri, . . . , r k ) = 8 > — > — y — 5 » m; n , . . . . . . , r k ). 

8=1 m=l V ro+ri/ / V r / 

Now, the scene is set for determining the spectrum of the full one-loop Hamiltonian order 
by order in g 2 by standard quantum mechanical perturbation theory and in reference jHl] 
we carried out this program for single trace operators to three leading orders in g 2 . Note 
the great simplicity of the expressions eq. ()6.8|) (no contact terms etc.), emerging directly 
from the study of the dilatation operator. Rather than comparing specific consequences 
of the above equations, and turning around the suggestion in , we feel that it 

would be important to derive the above Hamiltonian in the string field formulation of 
plane wave strings [5T1H5T)] or the (interpolating) string bit formulation of 



10 Notice that as opposed to in reference [31] we use symmetrized operators and therefore the cosine 
transform appears. 
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6.2 Two loops 



Proceeding to two loops we define 

g 4 D, = [ -f- ) d 4 , (6.9) 



A' x 2 



4tt 2 

and we see from equation ()5.7|) that the only new element in the analysis is the deter- 
mination of the BMN limit of the operator &D 4 . Now, it follows from the equations in 
App. |El that acting with 5D 4 on a state of the type (j5.1|) produces at the discrete level 
only states in the combination 0\ — Oq. Expressing this quantity in terms of the exact 
eigenstates at g 2 = 0, (jf>.13j) . it is easily seen that in the BMN limit we have 11 

J ;Ji,...,J k _ o J ;Ji,.,J k „ (g 1Q ) 

Using this result a straightforward scaling analysis of the relations in App. lEl shows that 
the operator SD^ becomes irrelevant in the BMN limit. Thus, in this limit we have 

d 4 = -\(d 2 ) 2 , (6.11) 

and at any given order in the genus expansion, the eigenstates of the one-loop Hamil- 
tonian are also eigenstates of the two-loop Hamiltonian 12 . For the BMN limit of D — J 
one gets up to and including two loops 

2+ (4^) <^2 -K^) 2(<^2,2 ■ (6i2) 

Writing the BMN double expansion of the conformal dimension of an operator as 

oo / y \ k 

A(A',s 2 )-A = £ — A k (g 2 ), (6.13) 
k=i ^ n ' 

with A the tree-level conformal dimension, what we learned above can be expressed as 

A 2 (^ 2 ) = -i(A 1 (^ 2 )) 2 , V g 2 . (6.14) 



6.3 Degeneracies 

From equation ()6.8|) it follows that at the planar, one-loop level we have a degeneracy 
between states \n; r%, . . . , r^) and |n'; r[, . . . , r' k ) for which ^ = p-. Focusing on the 
simplest case a single trace state |n) is degenerate with double trace states of the type 
|m; r) for which n = j^, with triple trace states \k] r l5 r 2 ) for which n = 1 _ r ^_ and so 

11 Notice that 0\ — Oo is down by a factor of 4 compared to O p — O p _i for general p. In the continuum 
language this is reflected by the fact that d x \x; ri, . . . , rfc) \ x= o = which follows from the relation l|6.7|l . 

12 This proves that the O(A') contribution to the three-point function of symmetric-traceless operators 
O'/Js in is indeed correct. For the singlet or antisymmetric operators this remains an open question. 
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on j2El- Notice that degeneracy is excluded for the special case \n) = |1). Determining the 
energy shift of the state |n) with n > 1 to genus one by treating the term g 2 (d 2t+ + d 2 -) 
as a perturbation thus in principle requires the use of degenerate perturbation theory. 
It can be shown that at order g 2 matrix elements between single trace states and double 
trace states vanish |23|l26j . In contrast, matrix elements between states \n) and \k; r\, r 2 ) 
for n = 1 _ r k i _ r2 are finite [S] at order g\. So far these degeneracy effects have not been 
rigorously taken into account due to the technical obstacles caused by the fact that a 
single trace state is degenerate with a continuum of triple trace states 13 . Bearing in 
mind the implications of the finite-J degeneracies, cf. Sec. 14.31 it is most desirable to 
stringently carry through analysis in the large- J well. 



6.4 All loop conjecture 

Assuming that the effective vertex idea works at any loop order one would expect that d 2 
encodes all information about the BMN limit of the dilatation operator in the basis (j5.1|) . 
In the BMN limit we single out those terms of the dilatation operator which produce 
the maximum number of J factors. These are the terms with the maximum number of 
Z constituents. Therefore, only terms of the dilatation operator which have only one 
impurity will survive the limit. Any such term will appear in some higher power of d 2 
and it has to appear with a weight which ensures that the planar BMN limit [T7 ] rr% l l4"3*] 

A — >J + 2v / lTA 7 ^2, (6.15) 

is conserved. Thus, it is tempting to conjecture that the all loop version of the for- 
mula ()6.12|) reads 

D-D ^2 Jl+{^) d 2 - (6.16) 

We now construct a possible all-loop expression for the one impurity part of the full 
dilatation generator which manifestly gives rise to the above formula in the case of two 
impurity operators. Iterating the argument given in the beginning of Sec. 15.11 we have 
the following simplification when (D2) 1 acts on two-impurity operators 

(D2) 1 ~ 2 l - 1 (f) M D 2 loai D 2 lia2 . . . D a 2 l ~ iai ^ ai \ (6.17) 

where 

Df = -2:Tr[Z,T a }[Z,T b }:. (6.18) 
Thus, a possible form for the one-impurity part of the full /-loop dilatation generator is 

D 2l = (-2) 1 - l ^—^ ( p^D^ ai D a 2 ia2 . . . D 2 l ~ iai ^ + ..., (6.19) 

up to terms irrelevant in the BMN limit. There might, however, be other combinations 
which also give rise to ()6.16j) . At the planar level ()6.19|) is equivalent to the conjecture 

13 One way to treat the degeneracy might be to consider the finite J operators discussed in Sec. El as 
regularized BMN operators and then ensure that all relevant degeneracies are resolved before taking J 
to infinity. For single-trace operators this would require working with n being a divisor of J + 1 . 
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of [I2l[TH] and the result of [13] . However, our possible formula would apply to arbitrary 
genus. If it was correct, one would be able to perform all-loop computations not only for 
two-impurity BMN operators, but also for more than two impurities. There, we do not 
find a reason why D 2 i should be proportional to (D 2 ) 1 and an individual genus expansion 
would be required each loop level. 

The formula (|6.19|) . if true, would also have implications for M = 4 SYM beyond 
the BMN limit. It successfully predicts the dilatation generator at two-loops completely: 
-D4 consists of three parts which can be labelled as (1, 1), (2, 1) and (1, 2), the numbers 
representing the number of interacting background and impurity fields Z, <p. The parts 
with one impurity are predicted directly, the part (1, 2) is related to (2, 1) by symmetry. 
At the three-loop level all terms except the terms with two impurities and two background 
fields, (2,2), can be predicted. As this represents a three-loop interaction between four 
fields, the corresponding Feynman-diagrams do not have bulk loops. The complexity of 
such diagrams is comparatively low and a direct computation of coefficients may still be 
feasible. 



7 Symmetry enhancement at the planar level and 
integrability 

Let us define a parity operation P acting on traces of group generators T a by inverting 
the order of generators within a trace or, alternatively, by transposing all generators T a . 
For example 

P Tr Z 3 (f) 2 Z(t) = Tr <pZ<p 2 Z ?J = Tr Z 3 (j)Z(f) 2 . (7. 1) 

It is easily seen that the dilatation generators -Do, D2, -D4 commute with the parity 
operation PD21P = D 2 i- In fact, parity is related to complex conjugation on group 
generators, PT a = (T a ) T = (T a )*. As the dilatation generator D is real it conserves 
parity in general 

PD = DP. (7.2) 

This implies that there is no mixing between operators of different parity 14 , which was 
also noticed in 03]. This parity operation is specific to the SU(iV) series. In the SO(iV) 
and Sp(iV) series the parity of a trace of n generators T a is given by (— l) n due to the 
identity PT a = (T a ) T = -T a 15 . 

As parity is conserved one should a priori expect that the spectra of positive and 
negative parity operators are not related. An example of a system with conserved parity 
is the infinite potential well. There, the even and odd modes have distinct spectra which 
are not related to each other in any obvious way. This is what happens in M = 4 SYM 
in general. If we however consider the strict planar limit, iV = 00, we find that the two 
sectors are related. We observe that, whenever parity even and odd states have equal 
quantum numbers (except parity), they form pairs of operators with degenerate scaling 

14 The reason why the separation of parities has not been an issue so far is that at least three impurities 
are required to allow both parities within the same SO(6) representation. 

15 A consequence of this is that many of the operators discussed so far are incompatible with the 
SO(iV) and Sp(AT) series. 
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dimension. As a systematic degeneracy almost inevitably indicates a symmetry there 
seems to be a symmetry enhancement in the planar limit of M = 4 SYM. 

We start by discussing the most simple example of such a planar parity pair and 
afterwards we explain the degeneracy at the one-loop level by means of an integrable 
spin chain [37] . 

7.1 Planar parity pairs 

There are three unprotected operators in the representation [3,1,3] with Ao = 7. One 
has negative parity 

0„ = Tr[cj ) ,Z}[<P,Z}[ ( j ) ,Z}Z, (7.3) 

and two have positive parity 



/ 2 Tr Z A <f) 3 + 2 Tr Z 2 <pZ 2 <p 2 + 2 Tr Z 2 <pZ<pZ<p - 3 Tr Z 3 0{0, Z}<p \ 
U +~y TrZ0TrZ 2 [0,Z]0-TrZ 2 TrZ[0,Z]0 2 )' 

The scaling dimension for the first is readily obtained 



(7.4) 




A - = 7+ ^ 128^~- (7 - 5) 

The dilatation generator acts on the other two as 

/in i\ / _qn - i°. -*e \ 

D2 = iV ( f 8 )' D i = N 2 ^ 6 \ M ^ _ 24 -« )' (7 ' 6) 

corresponding to the scaling dimensions (the one loop part of which has been found 
in 



(7.7) 



Intriguingly we find that the scaling dimension of the two single-trace operators, O- and 
+t i approach each other for iV — > oo at one-loop as well as at two-loop order. We hence 
find a pair of operators with opposite parity which have degenerate scaling dimensions. 
This is actually not an exception, it is rather the rule. Among the operators in the 
representations [3, A — 6, 3] with 6 < A < 10 we find 8 pairs of operators and only 3 
unpaired ones, cf. Tab. El Sec. and App. |Dj And they are not the only examples, we 
find them in the representations (A = 9, [4, 1,4]), (A = 10, [4,2,4]), (A = 6, [0,2,0]) 
and (A = 6, [1,0, 1]). In fact, every representation that admits both parities seems to 
have such pairs of operators. 

This phenomenon is a signal of an enhanced symmetry in the planar limit of the 
SU(iV) series 16 . It cannot be supersymmetry (this time) for a simple reason: Super sym- 
metry is independent of the choice of gauge group whereas at finite iV the operators + 

16 The groups SO(7V), Sp(7V), although admitting a planar limit, do not show this behavior: One of 
the parity partners is always absent. 
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dim 


S0(6) 


SU(2) 


+ - 


4 


[2,0,2] 


1 


1 - 


5 


[2,1,2] 


2 


1 - 


6 


[2,2,2] 


3 


2 - 




[3,0,3] 


1 


- 1 


7 


[2,3,2] 


4 


2 - 




[3,1,3] 


2 


1 1 


8 


[2,4,2] 


5 


3 - 




[3,2,3] 


3 


1 2 




[4,0,4] 


1 


3 - 


9 


[2,5,2] 


6 


3 - 




[3,3,3] 


4 


3 3 




[4,1,4] 


2 


3 1 



dim 


SO(6) 


SU(2) 


+ - 


10 


[2,6,2] 


7 


4 


- 




[3,4,3] 


5 


3 


4 




[4,2,4] 


3 


8 


2 




[5,0,5] 


1 


- 


4 


11 


[2,7,2] 


8 


4 


- 




[3,5,3] 


6 


5 


5 




[4,3,4] 


4 


10 


5 




[5,1,5] 


2 


6 


6 


12 


[2,8,2] 


9 


5 


- 




[3,6,3] 


7 


6 


7 




[4,4,4] 


5 


17 


7 




[5,2,5] 


3 


9 


14 




[6,0,6] 


1 


12 


2 



Table 2: Single-trace pure scalar operators of dimension Ao < 12. The operators are distin- 
guished by their representation and parity. The protected operators of representation [0, Ao, 0] 
were omitted. The operators correspond to states of a SU(2) spin chain of length L = Aq. 



mix and have modified anomalous dimensions. Furthermore, for gauge groups other than 
SU(iV) the pairs cannot even exist. Therefore the operators and O- cannot be part 
of the same supermultiplet. As the multiplets of this symmetry seem to be either singlets 
or doublets the symmetry is most likely abelian. In the next subsection we proceed by 
proving the degeneracy at the one-loop level. 

7.2 A conserved charge 

In order to prove the existence of an abelian symmetry in the planar sector we will 
find a generator U and show that it commutes with the generator of dilatations D. 
Furthermore, we demand that U anticommutes with the parity operation P so that it 
may relate operators of opposite parities. 

[D,U] = {P,U} = 0. (7.8) 

We will restrict ourselves to the one-loop level, where we can allow all six scalar fields; 
mixing with other fields is a higher-order effect. The degeneracy at the two-loop level 
will be investigated in the next section. 

We represent a single-trace operator by a cyclic SO(6)-vector spin chain of length 
L = Ao with zero (angular) momentum as suggested by Minahan and Zarembo |37j . 
The one-loop dilatation operator is then given by 

L 

D 2 = Nj2D 2M k+i), (7-9) 
fc=i 

where D 2 ^{k+i) is a local interaction linking sites k and k+1 (the sites are periodically 
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+ 

Figure 4: Graphical representation of the planar one-loop interaction D 2 . 

Figure 5: Graphical representation of the generator U 2 - 

identified). The local interaction D 2) k(k+X) is given by 

D2,k{k+i) = 2/fc(fc+i) — 2P fc ( fc+1 ) + Kkfc+i). (7-10) 

Here, Ik(k+i) is the identity, Pk(k+i) exchanges sites k, k + 1 and is a SO (6) trace 

over sites k, k + 1. Graphically this may be represented as in Fig. 0] 
We introduce a generator 

L 

(fc+l)(fc+2)> ^2,fc(fc+l)(fc+2) — [D2,(k+X)(k+2), ^2,fc(Jfc+l)J- (7-11) 

fc=l 

Graphically it may be represented as in Fig. This generator is easily seen to anticom- 
mute with parity (it has negative mirror symmetry w.r.t. the vertical axis, see Fig. [SJ. 
A straightforward but tedious calculation shows that U 2 indeed commutes with D 2 . We 
will explain this fact in terms of integrability in the next subsection, cf. (I7.17jl . 
We note that U 2 interchanges CL of ((131) with of O , 

f/ 2 C +)1 = -60O_, C/ 2 0_ = +40+,!, (7.12) 

so the generator U 2 is indeed responsible for the degeneracy of their scaling dimensions. 
The same is true for all the other pairs of operators we observed. The unpaired operators, 
for example (|4.1jh are annihilated by U 2 . As an aside we note that the eigenoperators 
are ^g0+,i ± |0- 17 ■ The corresponding eigenvalues of U 2 are ±4i\/15 in this case. 

Thus we have proven the existence of an additional abelian symmetry in the planar 
sector at the one-loop level. The symmetry generated by U 2 , however, cannot be compact: 
The eigenvalues of U 2 are not integer multiples of a common number. Nevertheless, 
one is led to believe that there exists a SO(2) symmetry (not generated by U 2 ) which 
has uncharged singlets and charged doublets. Together with the parity operation P 
it would form the group 0(2). In this scenario, when corrections are included, the 
group 0(2) breaks to the parity Z 2 . It would be very desirable to understand this 

17 This could also be inferred by demanding that the eigenoperators be orthonormal and related by P. 
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degeneracy/symmetry better, in terms of M = 4 SYM as well as in terms of the AdS / CFT 
correspondence. Another peculiarity of the planar sector is a recently found degeneracy in 
four-point functions [SU] • There it was observed that for iV — > oo a four-point function at 
one-loop could be described by a single function, although by superconformal symmetry, 
two functions would be allowed. Four-point functions are related to three-point functions 
and anomalous dimensions by means of the operator product expansion. Therefore these 
issues might be related in some way. It would also be of interest to study whether the 
degeneracy can be observed as a symmetry of planar n-point functions. 

7.3 Higher charges of the spin chain 

A much more enlightening way to prove [D 2 , U 2 ] = is to make use of integrability of 
the spin chain. In [371 it was shown that the interaction (|7.1U|) has just the right relative 
coefficients to exhibit integrability. The corresponding R matrix is 

Rok(u) = P fc((l - §«+ \u 2 )I Qk + u(l - |w)|D 2 ,ofc + \u 2 {\D 2flk ) 2 ), (7.13) 

where D 2Qk is the local dilatation generator (j7.10j) acting on an auxiliary site 0, see [37] 
for details. This R matrix satisfies the Yang-Baxter equation for the SO (6) case JBTllo^ 

R 12 (u)R 13 (u + v)R 23 (v) = R 23 (v)R 13 (u + v)R 12 (u), (7.14) 

and thus gives rise to an integrable spin chain. Integrability predicts the existence of 
a tower of commuting charges t n . The zeroth charge is the cyclic shift, it equals the 
identity in the zero (angular) momentum sector. The first charge is identified with the 
dilatation generator 

h = ±D 2 -lL, (7.15) 
up to a constant. Using the expressions in [H7J we find for the second charge 

t2 = -\U 2 + \{t l ) 2 -\L. (7.16) 
From the fact that t\ and t 2 commute we easily derive 

[D a ,l7 2 ] = 0. (7.17) 

We have seen that the second charge of the integrable spin chain has important 
consequences. It is thus natural to investigate the third charge t 3 . Up to polynomials 
in t±, t 2 and L we find some generator Q 3j2 which commutes with D 2 , U 2 and parity 
P. In contrast to U 2 we find that Q 3 2 does not pair up operators, it simply assigns a 
number (charge) to each operator. This is in fact what is to be expected. The reason 
why U 2 was interesting is that it anticommutes with P while D 2 commutes thus giving 
rise to pairs. The next charge, £4, will again give rise to some new generator, £^4,2, that 
anticommutes with parity. This generator will relate the same pairs, only with different 
coefficients (charges). Due to ()7.15|) we know that the spectrum of £1 is related to the 
spectrum of one-loop anomalous dimensions. A natural question to ask is whether the 
spectra of the higher charges Q 2>2 = U 2 , Q 3t2 , . . . , have a physical meaning in the gauge 
theory. Except for special classes of operators, the two-impurity operators for example, 
we find no obvious relation between the spectra of D 2 and Q 3 , 2 . Thus, there might be 
some non-trivial information contained in the higher charges. Clearly, the deep question 
is why integrability emerges from the planar gauge theory. 
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8 Integrability at higher loops 



In the previous section we have found planar parity pairs and justified their existence 
using integrability at the one-loop level. At the two-loop level integrability has not been 
established yet. An obstacle in doing so is that two-loop interactions are interactions 
of next-to-nearest neighbors, whereas an integrable spin chain usually involves nearest 
neighbor interactions only. Although some next-to-nearest neighbor interactions are 
included in the tower of higher charges, these cannot be related to the two-loop dilatation 
generator, because D 2 and -D4 do not commute while the spin chain charges do. In order 
to construct an integrable spin chain with non-nearest neighbor interactions we cannot 
make direct use of the R-matrix formalism and the Yang-Baxter equation. However, we 
may use our discovery of degenerate pairs in the previous section as the starting point. 
Integrability at one- loop gives rise to a conserved charge U 2 . The charge anticommutes 
with parity {P, U 2 } = and thus pairs up operators. By promoting D 2 and U 2 to their 
full counterparts D and U we may generalize the integrable spin chain to higher loops 
or non-nearest neighbor interactions. The observed degeneracy at the two-loop level is 
a clear indication that a conserved U exists up to two-loops. 

By going to the two-loop level we again restrict ourselves to the operators described 
in Sec. 13.11 Effectively this means we consider a XXX1/2 (SU(2) spin ~) spin chain 
which does not have the trace term. We can now represent all interactions by means of 
permutations of adjacent sites. A generic term will be written as 

L 

{rii, n 2 , . . .} = Pk+n 1 ,k+n 1 +lPk+n 2 ,k+n 2 +l ■ ■ ■ (8-1) 

k=l 

In this notation the one-loop dilatation generator (we will drop factors of N in this 
section) and the charge U 2 are given by 

D 2 = 2({} - {0}), U 2 = 4({1,0} - {0, 1}). (8.2) 

We start by showing that the degeneracy of parity pairs holds at two-loop. From the 
assumption that planar M = 4 SYM is integrable at three-loops we derive the cor- 
responding dilatation generator. Then we investigate the constraints on the four-loop 
dilatation operator and conclude with an analysis of a tower of special three-impurity 
operators. 

8.1 Two- loops 

At the two-loop level we have found that the dilatation generator D receives the correc- 
tion 

D 4 = 2(-4{} + 6{0} - ({0, 1} + {1, 0})), (8.3) 

and we expect that also U receives some correction C/4. For the degeneracy to hold at 
the two-loop level we have to find a U± such that 

[L> 4 , U 2 ] + [D 2 , U A ] = 0, and {P, U 4 } = 0. (8.4) 
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We find that this is satisfied by 



f/ 4 = 8({2,l,0}-{0,l,2}). 



(8.5) 



This proves the degeneracy of anomalous dimensions at two-loops. In performing the 
commutator we were required to make use of the impossibility of three antisymmetric 
spins in SU(2). This indicates that for spin chains with next-to-nearest neighbor in- 
teractions, integrability requires that for each site there can only be two states, i.e. a 
SU(2) spin chain. This, however, does not exclude that integrability extends to all six 
scalars of SYM. When the other scalars are included, we have to consider fermions and 
derivative insertions as well. This might be, roughly speaking, a SU(2,2|4) spin chain. 
The interactions involving all relevant fields might then be integrable. At least for the 
superpartners of the operators under consideration this must indeed be the case due to 
sup er sy mmet ry. 

In addition we have found the extension of the third charge Q3 to two-loops, see 
App. |Fj This suggests that also the higher charges will generalize to at least two-loops. 
If this is indeed so it justifies our claim that planar M = 4 SYM at two-loops is integrable. 
It is thus natural to conjecture that integrability holds at all-loops. This would mean 
there exist infinitely many commuting charges Qk with loop expansion 



where Q\ — D and Q2 = U. Considering the structure of the first few known terms 
we assume that Qk,2i is composed of up to k + I — 1 permutations involving up to k + I 
adjacent sites. For k odd the interactions are symmetric and parity-conserving, and for 
k even they are antisymmetric and parity-inverting. Note that in the latter case this 
implies a vanishing constant piece. 

8.2 Three-loops 

In this subsection we investigate the constraints on the planar dilatation generator at 
three-loops due to integrability. This requirement together with the correct behavior in 
the BMN limit, (j6.15|) . fixes D e completely. This is not supposed to imply that the D e 
we derive is the correct planar dilatation generator of M = 4 SYM. It may well be that 
the degeneracy of pairs is broken at three-loops. 

As building blocks for the three-loop interaction we allow symmetric (with respect to 
the order of permutations . . . , n^} 1— ► {n^, . . . , rii} to ensure a real spectrum) and 
parity-conserving (positive symmetry under {n 1; n 2 , . . .} 1— > {— nx, —n 2 , • • •}) structures. 
These should act on only four adjacent sites and have no more than three permutations. 
This follows from the general structure of a connected three-loop vertex. We find exactly 
six structures that satisfy these constraints. Using the planar BMN limit we can fix 

the coefficients of four of these structures. The requirement of pairing for three-impurity 
operators at dimension 7 and 8, see Sec. 17. H and (jD.13|) fixes the remaining two. We find 



A, = 4(15{} - 26{0} + 6 ({0, 1} + {1, 0}) + {0, 2} - ({0, 1, 2} + {2, 1, 0})). (8.7) 




(8.6) 
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The associated correction to U can be found in much the same way analyzing all possible 
antisymmetric, parity-inverting structures and requiring that D and U commute. This 
fixes Uq up to a contribution proportional to the fourth charge at one-loop Qa,2- Acting 
on the Konishi descendant Tr[0, Z] [(f), Z] we find the three- loop planar contribution to 
its scaling dimension 



A, 



4tt 2 



3^ M iV 2 21ggJV 3 
16tt 4 256tt 6 : 



(8.8) 



subject to the assumption made at the beginning of this subsection. It is also worth 
noting the contribution to a general two-impurity operator. Up to a piece proportional 
to (-D2) 3 we find some contribution in the upper-left 3x3 block (and equivalently in the 
lower-right 3x3 block) 



D, = UD 2 f + A 



I 


+9 -10 +1 








-10 +10 








+ 1 -1 















V 









1.9) 



in analogy to ()5.15|) . Considering now both D 4 and D e as perturbations of D 2 (cf. 
Sec. 15. 2|) we can obtain the planar three-loop contribution to the anomalous dimension 
of the operators 1)5. 13 J) . We get one contribution from the diagonal part of D 6 and one 
contribution from the off-diagonal part of D4 as encoded in the usual formula for second 
order non-degenerate perturbation theory. The final result reads 
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7T 6 
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irn 
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2 7T91 

J+l 



3J + 2(J + 6) cos 2 



nn 



J+l 



110) 



and it produces the correct result for all values of J, n, even for the Konishi ()8.8|) at 
J = 2, 71 = 1. 

Using the planar three-loop dilatation generator it might be possible derive the non- 
planar version by analyzing all possible diagrams and fitting their coefficients to non- 
renormalization theorems and the planar version in analogy to Sec. El 



8.3 Four-loops 

Having convinced ourselves of the usefulness of the constraints from the pairing and the 
BMN limit we cheerfully proceed to four-loops, just to find that all coefficients but one 
are fixed. Unfortunately, the left-over coefficient does influence most four-loop anomalous 
dimensions, in particular the one of the Konishi descendant K! 18 . The consideration of 
higher charges might fix this remaining parameter. Nevertheless, we will see below that 
we are able to find special operators for which the four-loop scaling dimensions turn out 
to be independent of the so far undetermined parameter. 

18 It is not even clear how to treat KJ , because the interaction is longer than the spin chain in this 
case. 
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At four-loops we find in total twelve independent structures. Five coefficients can be 
fixed using the planar BMN limit ()6.15|) . Further five coefficients are fixed by demanding 
degeneracy of pairs. An expression for D s involving the remaining two coefficients a, (3 
can be found in App. |Fj Evaluating some eigenvalues of D up to four-loops one observes 
that they do not depend on the parameter (3. This behavior is however expected. At 
four loops we have the freedom to rotate the space of operators with the orthogonal 
transformation generated by the antisymmetric generator [D 2 , -D 4 ]. This gives rise to the 
following similarity transformation 

D' = (1 + (3'g 6 [D 2 , D^D (1 + (3'g 6 [D 2 , D,]). (8.11) 

The first term in D 1 due to the transformation is 

P'g 8 [D 2 ,[D 2 ,D^)], (8.12) 

and this is proportional to what multiplies j3 in D 8 . Now, as D and D' are related by a 
similarity transformation, their eigenvalues are equal and (3 only affects the eigenvectors, 
but not the eigenvalues. 



8.4 A tower of three impurity operators 

For A odd we observe that there are as many even operators in the representation 
[3, A — 6, 3] as there are odd ones. For a complete table of spin chain states, up to 
dimension 12, see Tab. El If Ao is even the same is true except for one additional 
operator with negative parity. This additional operator is 

A -4 

O = ( _1 ) fc Tr <f>Z k (t>Z A °- 3 - k (i), (8.13) 

k=l 

which is an exact planar eigenoperator of D 2 with eigenvalue 12N. The lowest dimen- 
sional example at A = 6 was discussed in Sec. 14.21 It is annihilated by the extra 
symmetry generator U 2 , i.e. it is unpaired. Note, that for all of these operators two of 
the impurities are always next to each other. 

The operators O are not exact planar eigenoperators of -D4. Nevertheless, we can 
project D4O to the piece proportional to O and find — 36iV 2 as the coefficient. Conse- 
quently we have found a sequence of operator with planar dimensions 

A = A + - . ( 8 .14) 

4tt 2 64tt 4 v ; 

Interestingly, the anomalous dimension does not depend on the bare dimension Ao- In 
that sense, this operator behaves much like the highest mode in the series of two impurity 
operators discussed in Sec. Assuming the highest mode number were n = (J + l)/2 
19 , the anomalous dimension ()5.17|) would equal g^ M N/ir 2 — g^ M N 2 /4:7T A , which is also 

19 The corresponding operator does not exist. The highest mode number is [J/2], for which, however, 
the anomalous dimension does not differ considerably. 
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independent of Aq. Furthermore, the frequency of the phase factor in 1)5.13)1 would also 
be extremal as in (J8.13)) . 

For a few of the lower dimensional operators we can also evaluate the anomalous 
dimensions up to four-loops (subject to the assumptions in deriving the corresponding 
vertices). Here, the yet undetermined coefficient a does not contribute. Intriguingly we 
find 

a _ a , 3&*N 9g YM N* 66^ M iV 3 645^ M iV 4 

4tt 2 64tt 2 1024vr 6 16384vr 8 ' 1 ' ' 

for A = 10, 12, 14. For A = 8 the four-loop contribution differs 

a _ o | 3g 2 YM N 9g YM N* 66^ M iV 3 648^ M iV 4 

4tt 2 64tt 2 1024vr 6 16384vr 8 ' 1 ' ' 

while for Aq = 6 also the three-loop contribution is modified 



3g 2 YM N 9g YM N 2 63^ M iV 3 62lg YM N* 
4tt 2 64vr 2 1024vr 6 16384tt 8 ' 



So the following picture emerges: The fc-loop anomalous dimensions for the operators of 
dimensions A = 2 + 2k + n, n > seem to be equal. 



9 Conclusions and outlook 

The main message of this paper is the proposal that perturbative scaling dimensions in 
4D conformal gauge theories should not be computed on a case-by-case basis, using the 
standard, very laborious procedure. The latter consists in first working out classical and 
quantum two-point functions of a set of fields, subsequently recursively diagonalizing and 
renormalizing the fields at each order in the gauge coupling g YM in order to find "good" 
conformal fields satisfying the expected diagonal form in eq. 1)1.1)) to the desired order, 
and finally extracting the scaling dimensions from eq. (jl.lj) . Instead one should focus on 
the dilatation operator relevant to the general (i.e. possessing an arbitrary engineering 
dimension) class of operators under study. Once it is found, to the desired order in g YM , 
the computation of the dilatation matrix becomes a straightforward, purely algebraic 
exercise. The subsequent calculation of the eigenvalues of the matrix then yields the 
scaling dimensions, while the eigenvectors resolve the mixing problem. 

In the present work we illustrated this proposal in a specific example: We obtained the 
dilatation operator up to 0(g YM ) of Af = 4 SU(iV) Yang-Mills theory for arbitrary trace- 
less pure scalar fields, cf. eqs. (j!.14j) . However, we certainly believe that our methodology 
is rather general and should therefore be equally applicable to other four-dimensional 
conformal gauge theories with less supersymmetry. 

In order to save us a significant amount of additional work we did use non-re- 
normalization theorems as well as recent results on the scaling dimensions of the so-called 
BMN two-impurity operators [T7 ) I18 ) I43| to fix constants in our two-loop dilatation oper- 
ator. Incidentally, this may serve as an interesting illustration how the AdS / CFT corre- 
spondence (here in its latest reincarnation, i.e. the plane wave/BMN correspondence) can 
lead to new insights into gauge theory. We then went on to apply our example to a large 
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number of situations of interest, obtaining with ease a host of novel specific results for 
anomalous dimensions and for the resolution of mixing of scalar operators. This yields 
important new information on the generic structure of M = 4: E.g. the degeneracy of 
certain single and double-trace operators leads to unexpected j? terms in the associated 
anomalous dimensions, and to the breakdown of a well-defined double expansion in the 
't Hooft coupling A = g^iV and the genus counting parameter -^3. One surely very 
interesting issue we did not yet address is the interpretation of these effects in the light 
of the AdS/CFT correspondence. 

Our new results on M = 4 SYM already lead to new insights into the plane wave 
strings/BMN correspondence. We were able to extend our quantum mechanical de- 
scription of BMN gauge theory [HI], deriving from the two- loop dilatation operator the 
two-loop contribution to the quantum Hamiltonian. This contribution strongly hinted at 
an all genera version of the celebrated all loop BMN square root formula, cf. eqn. (I6.16|) . 
Whether this generalization withstands closer scrutiny remains to be seen, of course. 

It would also be very helpful to develop techniques similar to the ones presented 
here for the efficient evaluation of correlation functions of more than two local fields. 
It is e.g. well known that conformal invariance completely fixes the space-time form of 
three-point functions (xij = 2; — Xj) 

{O a {x x )0,{x 2 )0,{x,)) = Ni2|Aa+Ag _ A7|x23| g?I 7 _ Aa|x3i|A7+Aa _ A/3 - (9.1) 

Therefore the quantities of interest are the finite structure constants C a ^ alone. These 
constants appear in the operator product expansion and apart from the scaling dimen- 
sions they are the other central quantity in a conformal field theory of local operators 20 . 
However, in order to really obtain this form one has to use the correct eigenstates of 
the dilatation operator. Furthermore, standard perturbative computations are "contam- 
inated" by useless finite and divergent contributions from the perturbative expansion of 
the weights A a . One therefore wonders whether one may generalize our methodology 
and develop purely algebraic techniques for directly finding the structure constants. Of 
equal interest are four-point functions, which also seem to possess many unexpected, 
simplifying features waiting to be explored (see e.g. j2SHE0])- 

By exploiting the recently discovered description of the planar limit of the one-loop 
dilatation operator as the Hamiltonian of an integrable spin chain [37] we pointed out the 
existence of a new axial symmetry of M = 4 Super Yang-Mills theory at iV = 00, linking 
fields of opposite parity (w.r.t. reversing the order of fields inside SU(iV) traces). We were 
able to prove the symmetry as a direct consequence of the presence of non-trivial charges 
commuting with the Hamiltonian. We furthermore derived this to follow immediately 
from the existence of an .R-matrix satisfying the Yang-Baxter equation, i.e. from the 
integrability discovered in |37j . An exciting open question is the interpretation of this 
symmetry (and of the integrability in general) from the point of view of the planar gauge 
theory, or possibly from the point of view of its dual string description. This is even more 

20 A number of structure constants for two and three impurity BMN operators p3 , 63 ,25 26 64] have 
been obtained so far. In terms of the BMN correspondence it would be important to understand their 
dual on the string theory side |65| . 
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pressing as we found much evidence that this integrable structure extends to two loops 
(we did prove that at least two further charges commute with the two loop dilatation 
operator) and it is obviously tempting to conjecture that it holds to all loops. One could 
therefore hope that a proper understanding of the integrability might lead to the exact 
construction of the all-order planar dilatation generator, see also the discussion below. 

It would be important to extend the methods of this work to fix the remaining terms 
in the dilatation operator eq. ([1.5j) pertaining to further classes of operators such as scalars 
with SO (6) traces, fermions, field strengths or covariant derivatives. The latter would 
be interesting in order to study the high spin limit of see also \§T\. Here we expect 
the superconformal symmetry of the model to be helpful. It would also be fascinating 
to investigate whether the reformulation of the planar theory as an integrable spin chain 
can be extended to include the other fields. 

It is striking that, once the dilatation operator is found, the calculations of anoma- 
lous dimension matrices become purely algebraic. However, in order to fully justify its 
derivation we did need to take a look at two-point functions (cf. Sec. 12131) . It is natural 
to wonder whether there are further shortcuts that leads to the determination of the 
terms in the perturbative expansion of the dilatation operator eq. (|1.5|) . For the M = 4 
model this is not an unreasonable expectation: First of all, the theory is scale-invariant 
on the quantum level and therefore possesses a finite dilatation operator. Thus one could 
expect that the renormalization procedure of Sec. I2|3I is only a scaffold that one might 
be able to avoid. Secondly, the theory's action is unique, and entirely determined by 
the maximal superconformal symmetry SU(2,2|4). Is there a way to use the symmetry 
algebra, possibly paired with some further insights into the J\f = 4 model, to completely 
fix the structure of the dilatation operator ()1.5|) ? 

We would certainly like to push our procedure to higher loops. This is not a pointless 
exercise. E.g. little seems to be known about the analytic structure of the exact anoma- 
lous dimension of low dimensional fields such as Konishi. All we currently have is the 
two- loop result eq. (jl.l6|) . the planar three- loop conjecture eq. (jl.l7p and the conjectured 
(from AdS/CFT) strong coupling behavior A ~ (g^N) 1 ^. Knowing further terms in 
the perturbative expansion might give essential clues about the convergence structure of 
the series (is the radius of convergence zero or finite?) and might allow us to estimate 
the strong coupling result by Pade approximants. Incidentally, the Konishi field eq. (jl.7j) 
is particularly interesting as it cannot mix with any other fields and is therefore known 
to be an exact eigenstate of the dilatation operator to all orders in perturbation theory. 

We have taken first steps towards constraining the complete dilatation operator, 
building directly on the consequences of the spin chain picture: Assuming the above 
mentioned axial symmetry to hold also beyond two loops we were able to derive a planar 
version of the three-loop dilatation operator which in turn allowed us to obtain further 
results on anomalous dimensions. A preliminary study of the possible planar four-loop 
structures showed that the information which completely fixed the three-loop case leaves 
one coefficient of the planar four-loop dilatation operator undetermined. A speculation 
of, potentially, tremendous importance would be that imposing the full integrability 
structure completely fixes, at each loop order, the exact planar dilatation operator. 
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A Conventions 

We use the following Af = 4 supersymmetric action in components 

S = \f ^£ Tr {\ F ^ + \V^ rn V^ m - \g 2 ^ [5> m , 3> n ] [<P m , <2> n ] 

V„X = d lx X-ig^[A lx ,X], 
F llv = d v ,A v -d v A ll -ign e [A^A v \. (A.l) 

The coupling constant g is related to the common coupling constant of Af = 4 SYM by 

2 9yM 9ym /a n\ 

9 "4(2^ 16^" [A - Z) 

This normalization turns out convenient when evaluating space-time integrals and when 
operators with fermions and derivative insertions are considered. 

The fields carry a color structure, <P m = T a <^m . We will consider the gauge group 
U(AT) whose generators T a we have normalized such that 

TrT a T b = 5 ab , ^2 a (T a ) a p (T a y s = 5fS}. (A.3) 

This implies the U(iV) fusion and fission rules 

Tr T a A Tr T a B = Tr AB, Tr T a AT a B = Tr A Tr B. (A.4) 

In this work we make extensive use of variations with respect to a field 4> m , which we 
will denote by 

^=sk = r jk- (A ' 5) 

It is therefore understood when the variation hits a field, both the variation symbol and 
the field are replaced by a color generator T a . Note that the variation symbols <P m act 
only to the right. In a normal ordered word of fields and variations, :<M>$$ . . . :, it is 
understood that the variations do not contract to any of the fields within the normal 
ordering. 
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B Scalar space-time integrals 

We have normalized the scalar propagator to 



it is a rather convenient normalization when derivatives are taken (e.g. for fermions). 
The following integrals are required at one-loop 



(2?r 



-X-X1X2X3X4 H> I /p. \o , -^x 12-^X2 2-^X3 2-^X4 2; (^"2) 
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-nXlX2,X 3 X 4 — or 1 \ Cl„ ' Cl„ I / /0„\4-?f J :ElZl J 2:2^1 J ZlZ2 J 22X3-1 2 2 X 4 • 



When evaluated in two-point functions they yield 

^OOx 1 



Iox e(l - 2e) 
X 0(te 2(1 - 3e) 7 



& <1 - 2e) 2 



e, (b.3) 



H 0x>0x 2(1 -3e) (7-1; 



where 



llx e\\-2e) 



r(i-e) r(l-e)r(l + e) 2 r(l-3e) 



C Renormalization at higher loops 

To obtain the arbitrary loop correlator we insert all /-loop connected Green functions 
W21 in the correlator 

<P+C£) = exp(^ )exp (E^^*,**,*")) P+C£| M . (C.l) 

In analogy to (|2.fij) we change the argument <& + of W 7 ^^, to Iq x ^~ 

(O+Op) = exp(^ ):exp {YZifWufa&Q-J-frO+Oj^. (C.2) 

Alternatively, we could change the argument <P~ to Iq x <I> + . This does not make a differ- 
ence as W^O^ @ + , &~) is symmetric in the arguments <P + and <?~. We would then like 
to rewrite (jC.2|) in a convenient form for the conformal structure of the correlator: 

(O+Oj) = eMWo)exp(V-(x))O+Op\ 0=o , (C.3) 
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where 

oo 

V(x) = Y,9 2l V 2 i(x) - l 8 g 8 [V 2 (x), [V 2 (x), V 4 (x)}] +.... (C.4) 
1=1 

The terms V 2 \ are defined by the equality of (|C.2J) and ()C.3j) 

exp(V(x)) = :exp (£^ 2i ^(x, *)):, (C.5) 

which will have to be solved perturbatively. All the terms that arise due to normal 
ordering of the exponential and the commutator terms in (jC.4|) need to be absorbed into 
the definition of higher order vertices. For example, the two-loop effective vertex is 

V 4 (x) = :Wi(x,l£$,&): - \(V 2 {x)V 2 {x) - :V 2 (x)V 2 (x):) . (C.6) 

The commutator terms in (jC.4|) were included for convenience, we will explain this issue 
below. The symmetry of W 2 i is translated into the effective equality 

exp{W )V^(x) = exp(W )V£(x). (C.7) 

In fact we can introduce a transpose operation on a generator X by the definition 

exp(W ) X~ = exp(W ) X T + , (C.8) 

In other words, letting X act on $~ is equivalent to letting X T act on <P + . The symmetry 
of the vertices translates to 

V 2 ](x) = V 2l (x). (C.9) 
We renormalize the operators according to 

O = exp(-i£(ar o ))0, (CIO) 

with 

oo 

Z(x ) = ^g 2l V 2l (x ) - ±g 6 [V 2 (x ),V 4 (x )} +... (C.ll) 
1=1 

This gives 

<0+^)=exp(W )exp(V r -(x))exp(-iZ + (a:o))0+exp(-iZ-(x ))0-|^ (C.12) 

We can commute objects with a + and a — index freely and use the transpose operation 
(IC.8|) to make Z + act on <P~ instead. We get 

<0+^> = exp(^ )exp(-iZ T -(x ))exp(^-(x))exp(-iZ-(xo))0^| < , =0 . (G.13) 

The vertices V 2 i{xq) in Z(xq) are symmetric, ()(I9jl . only the commutator in (j(Illj) re- 
quires special care, because V 2 and V4 need to be transformed consecutively. This effec- 
tively inverts their order and flips the sign of the commutator: 

00 

Z T (x ) = Y,9 2 %i(xo) + ^9 6 [V 2 (x ), V A (x )] +... (C.14) 
1=1 
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In a renormalizable field theory the dependence of V 2 i on x is determined, we write 

We combine the last three exponentials in (jC13|) into one with exponent 

00 

- Qg 2 % - h<f(Z - £o) 4 [v 2 ~, [v 2 ~, vr]] +... (c.16) 

i=i 

The /-loop Green function W 2 i is expected to have multiple poles at e = 0. In a conformal 
field theory, however, these poles must have cancelled in the combination V 2 \ as given by 
(|C.4|) . ()C.5j) . If so, we can finally send the regulator to zero and find 

= exp(W )exp{log(xl/x 2 )Er=i9 2l D 2l )O^\ ip=0 , (C.17) 

with 

D 2l = -l\mieV 2l . (C.18) 

Note that the commutator term in (jC.16|) vanishes due to four powers of e from (£ — £ ) 4 
opposed to only three powers of 1/e from the V 2 \. For this cancellation to happen the 
commutator terms in ()C.4j) and (jC.ll)) are necessary 21 . 

Some comments about the renormalization program are in order. The effective ver- 
tices V 2 i are connected diagrams. They are generated from the Green functions W 2 \ by 
removing the normal ordering of an exponential (|G.5|) and adding commutators (jG.4j) . 
One can easily convince oneself that these operations produce connected diagrams. The 
same is then true also for the dilatation generator D. Secondly, the program ensures 
that the coefficient of the two-point function is given by free-contractions of the unrenor- 
malized operators. Thirdly, the effective vertices V 2 i are symmetric with respect to the 
scalar product induced by free contractions, see ()0.7|) . The same holds for the dilatation 
generator which consequently has real eigenvalues 22 . 



D A collection of anomalous dimensions 
D.l Away from the unitarity bounds 

The following operators have a form similar to the ones discussed in Sec. ^ As they 
contain all six scalar fields and SO (6) traces they mix with operators containing fermions 
and derivatives, see Sec. 13.11 This mixing, however, only becomes relevant beyond one- 
loop and we can determine their one- loop anomalous dimensions using (jl.fi)) . 

21 We have investigated all possible terms that arise in a four-loop computation. We found that exactly 
the commutator structure in lC.4jl was required to obtain a finite, conformally covariant correlator. 

22 Some eigenvalues may appear to be complex. This can only happen if the corresponding eigenvector 
has zero norm. In this case the operator in fact does not exist. This happens if the rank of the group 
is small compared to the size of the operator. Then group identities make some operators linearly 
dependent. 
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D.l.l Dimension 5, [0, 1,0] 

We find one single trace operator with dimension 



A = 5 + -^, (D.O) 



three single-trace and three double-trace operators with dimensions 

f r 

4/T 2 



q 2 N 



where u is a root of the sixth-order equation 

a = / 50 \ , ( 565\ o / 2440 400 \ 9 

"* " + ( U0 " Jp) w " ( 335 " W) <" + ( 475 " IvT + Iv^J 

/ 4850 1600A /3750 4000\ ,„ , 

-(™—jp + lvr)--(lv^— )= a < D2 > 

Two of these operators, a single-trace and a double-trace one, are degenerate in the 
planar limit. The degeneracy is lifted by ~ corrections and the t' Hooft expansion of 
their scaling dimension is subject to the issues discussed in Sec. 14.31 

D.1.2 Dimension 6, [0,2,0], planar 

We find one pair of operators with dimension 

8tt 

two operators with dimension 



A = 6 + ^^, (D.3) 



q 2 N 

A = 6 + ^f-, (D.4) 



7T 



and six operators with dimensions 



9 2 YM N 



A = 6 + fV W , (D.5) 
where u is a root of the sixth-order equation 

cu 6 - 43c; 5 + 731c/ - 6238c; 3 + 27936c; 2 - 61776c; + 52272 = 0. (D.6) 

D.1.3 Dimension 6, [1,0,1], planar 

We find two pairs of operators with dimension 

q 2 N 

A = 6 + ^-, (D.7) 

TV 2 



two operators with dimension 

47T 



A = 6 + -^^, (D.8) 
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and three operators with dimensions 



q N 

where uj is a root of the cubic equation 

c; 3 - 23c; 2 + 158c; - 308 = 0. (D.10) 

D.2 Further away from the unitarity bounds 
D.2.1 Dimension 6, [0,0,0], planar 

We find five operators with dimensions 



A = 6 + ^-u, (D.ll) 

where uj is a root of the quintic equation 

uj 5 - 43c; 4 + 701c; 3 - 5338c; 2 + 18480c; - 21960 = 0. (D.12) 

D.3 Three impurities 

The following operators are in the SO (6) representations for which mixing with fermions 
and derivative insertions is prohibited, see Sec. 13.11 We may apply the dilatation gener- 
ator at two-loops (j3. 1)1 . 

D.3.1 Dimension 8, [3,2,3], planar 

We find a pair of operators with dimension 

n 2 N ^n 4 N 2 
A = 8 + ^rr- - (D.13) 
2tt 2 64tt 4 ' v ; 

and a single operator with dimension (see Sec. 18.4)1 

In 2 at q n 4 t\t2 

A = 8 + ^f-- 9 ™ A . (D.14) 
4tt 2 64tt 4 V ; 



D.3. 2 Dimension 9, [3,3,3], planar 

We find three pairs of operators with dimensions 

q 2 N 

A = 9 + ^ f c;, (D.15) 
where uj is a root of the cubic equation 

c; 3 - 34c; 2 + 360c; - 1176 + ^^(102c; 2 - 2100c; + 9912) = 0. (D.16) 

16lT 2 
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D.3.3 Dimension 10, [3,4,3], planar 

We find one operator with dimension (see Sec. |HI 



3g 2 N 9g*N 2 
A = 1Q + JijM , D. 17 

4vr 2 64tt 4 ' v ' 



and three pairs of operators with dimensions 

a 2 N 

A = 10 + ^-u, (D.18) 

where u is a root of the cubic equation 

uj 3 - 30cj 2 + 276cu - 768 + gl M N(86cu 2 - 1516a; + 5984) = 0. (D.19) 

D.4 Four impurities 

D.4.1 Dimension 8, [4,0,4], planar 

We find three operators with dimensions 



a 2 N 

A = 8 + TfV^ ( D - 2 °) 



where a; is a root of the cubic equation 



uo 3 - AOlu 2 + AQAuj - 1600 + ^^(128u; 2 - 2720w + 12800) = 0. (D.21) 

D.4. 2 Dimension 9, [4,1,4], planar 

We find a pair of operators with dimension 23 

OTT z 1287T 4 

and two operators with dimensions 

a , (3 ± V3) g* M N 2 (18 ± 9 V5) 

A ~ 9+ 4^ 128^ (D ' 23) 

D.4. 3 Dimension 10, [4,2,4], planar 

We find two pairs of operators with dimension 

g*N(U±y/E) gt^N 2 (31 ± 3-\/5) 



23 This dimension matches (|7.5|l . 
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and six operators with dimensions 



q 2 N 

A = 10 + ^Vw, (D.25) 
An 2 



where uj is a root of the sixth order equation 



ui b - 21a; 5 + 173a/ - 711a/ + 1525a; 2 - 1603a; + 637 (D.26) 

+ (67a; 5 - 1074a; 4 + 6409a; 3 - 17623a; 2 + 22078a; - 9947) = 0. 

16tt z 

D.5 Five Impurities 

D.5.1 Dimension 10, [5,0,5], planar 

We find four operators with dimensions 

q 2 N 

A = 10 + ^-o;, (D.27) 
An 2 ' 

where a; is a root of the quartic equation 

a; 4 - 15a; 3 + 78a; 2 - 165a; + 120 (D.28) 

+ ( 4 ^ 3 - 472a; 2 + 1430a; - 1305) = 0. 

I67H 

E The operator 8D4 

Here we list the exact contributions to the generator 5D4 acting on Op°' Ju "'' k , cf. equa- 
tions (|5.7j) and 1)5. 10j) . We see that in strong contrast to (-D2) 2 , the operator <5_D 4 only 
creates states in the combination 0\ — Oq; we write in short 

QJo;Ji,...,Jk _ q Jo; Jiv, Jk QJa\Ji,—,Jk 

The operators with J = are always annihilated, we assume Jq > 1. The planar part 
is 

8D^ €)*>'<* >> = A(5 pfi + 5 P;Jo - 8 P>1 - 5 p , Jo _i) O^ 1 '"" 4 . (E.2) 
The operator can split off one trace 

5d,, + o-;r'< = as p ^ Jo (ofi 1 , hM " + o?\r" /i -") 

— 85, >1 (9j 7 °~p+ 1 ; Ji >---'- 7 fc'P _1 

- odp<Jo-l U l-0 

+ 4(5 P>0 + 5 p , Jo ) jr ot'o^ 1 -^ 1 , (E.3) 
A+i=i 
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or two traces 

Jq-P-1 



■)Ja—p—Jk+l'tJlf;Jk+llP 



p-i 
.4+1=1 

•4+1=1 
P-2 

it can join two traces 

fc 

5ZV Olr' '< = 4(5 p ,o + S pJo ) J2 * O 1 ; * \ (E.5) 

i=l 

or it can let two traces interact without changing the number of traces 

k 



i=l 

k 
i=l 

_ ^ ^ J. qP+1;Ji, /; .•/.] + ■/,-/'- I 

8=1 

- 4 V J, o(r o p+1 '' Jl '--- ,n '---' Jk ' Ji+p ~ 1 . (E.6) 



i=l 



F Charges of the spin chain 

In this appendix we present some of the commuting charges of the non-nearest neighbor 
SU(2) spin chain investigated in Sec. |H1 We use the notation 

L 

{m,n 2 ,...} = ^P k+ (F.l) 

k=l 

We make extensive use of the identity 

{...,n,n±l,n, ...} = {...,...}-{..., n, ...}-{..., nil,...} 

+ {...,n,n±l,...} + {...,n±l,n,...}, (F.2) 
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due the impossibility of antisymmetrizing three sites in SU(2). The following expression 
for the higher charges are unique up lower charges multiplied by powers of the coupling 
constant. 

The first charge D = Qx 

Do = {}, 

D 2 = 2{}-2{0}, 

£>4 = -8{} + 12{0} - 2 ({0, 1} + {1, 0}) , 

A, = 60{} - 104{0} + 24 ({0, 1} + {1, 0}) + 4{0, 2} - 4 ({0, 1, 2} + {2, 1, 0}) , 
D 8 = +(-572 + 4a){} + (1072 - 12a + 4/3){0} 

+ (-278 + 4a - 4/3)({0, 1} + {1, 0}) + (-84 + 6a - 2/3){0, 2} - 4{0, 3} 

+ 4({0, 1, 3} + {0, 2, 3} + {0, 3, 2} + {1, 0, 3}) 

+ (78 + 2/3)({0, 1, 2} + {2, 1, 0}) + (-6 - 4a + 2/3)({0, 2, 1} + {1, 0, 2}) 
+ (1 - /3)({0, 1, 3, 2} + {0, 3, 2, 1} + {1, 0, 2, 3} + {2, 1, 0, 3}) 
+ (2a - 2/?){l, 0, 2, 1} + 2/3({0, 2, 1, 3} + {1, 0, 3, 2}) 

-10({0,1,2,3} + {3,2,1,0}). (F.3) 

The second charge U = Q 2 

Z7 2 = 4({1,0}-{0,1}), 

f/ 4 = 8({2,l,0}-{0,l,2}), 

C/ 6 = 8 ({0, 1, 3} + {0, 2, 3} - {0, 3, 2} - {1, 0, 3}) 

+ 40 ({0, 1, 2} - {2, 1, 0}) + 16 ({3, 2, 1, 0} - {0, 1, 2, 3}) . (F.4) 

The third charge Q 3 

Q 3i 2 = -2{0} + ({0,1} + {1,0}) 

+ ({0, 2, 1} + {1, 0, 2}) - ({0, 1,2} + {2, 1, 0}) , 
Qs,4 = -2{0} + ({0, 1} + {1, 0}) - 4{0, 2} 

- 3 ({0, 1, 2} + {2, 1, 0}) + 5 ({0, 2, 1} + {1, 0, 2}) + 2{1, 0, 2, 1} 

- 3 ({0, 1, 2, 3} + {3, 2, 1, 0}) + ({0, 2, 1, 3} + {1, 0, 3, 2}) 

+ ({0, 1, 3, 2} + {2, 1, 0, 3} + {0, 3, 2, 1} + {1, 0, 2, 3}) . (F.5) 

The fourth charge Q 4 

Q 4l 2 = -2({0,1,2}-{2,1,0}) 

- ({0, 2, 1, 3} - {1, 0, 3, 2}) + ({0, 1, 2, 3} - {3, 2, 1, 0}) 

+ ({0, 3, 2, 1} - {0, 1, 3, 2} - {1, 0, 2, 3} + {2, 1, 0, 3}) . (F.6) 
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